Chapter 2
Metric Spaces

Here we give the elements of the theory of metric spaces: the ideas developed in this
chapter will be extensively used in the rest of the book.

A metric space is simply a non-empty set X such that to each x,y € X there
corresponds a non-negative number called the distance between x and y. To make
the theory sufficiently rich this distance is supposed to have certain properties, such
as symmetry and the triangle inequality, that are familiar from Euclidean geometry.
As we shall see, the previous chapter offers many examples of such spaces. The
idea of a metric space was introduced in 1906 by Fréchet and was significantly
developed further in 1914 by Hausdorff, who introduced the term ‘metric space’.
Further impetus was provided from 1920 onwards by the fundamental work of the
Polish school led by Banach: this was largely concerned with the case in which X
was a linear space and was of great significance in the establishment of functional
analysis as an important part of mathematics. Here we shall not assume that X has any
linear structure as neither the results given nor the applications to complex analysis
made in the next chapter need this property.

In this chapter we introduce some basic terminology and discuss in detail the
fundamental properties of completeness, compactness and connectedness which such
spaces may possess; further, special attention is paid to various forms of homotopy
and to simple-connectedness. These properties not only have intrinsic interest but
also are essential for later work surrounding such central results of complex analysis
as, for example, the general version of the famous theorem due to Cauchy. Quite
apart from the elegance of metric space theory, it is remarkably useful in that often a
single theorem may be applied to handle seemingly different problems. Applications
include a proof of the existence of a continuous, nowhere differentiable function,
justification of differentiation under the integral sign, and establishment of a solution
of an initial-value problem for a certain type of differential equation.
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68 2 Metric Spaces

2.1 Basic Definitions

First we recall certain fundamental properties of real numbers: for all x, y, z € R,

(1) |x —y| > 0; |x — y| = 0if, and only if, x = y;
(i) |x—yl=ly—xl;
(i) [x =yl <I|x—zl+ |z =yl

The quantity |x — y| is naturally thought of as the distance between the real num-
bers x and y. We seek to generalise all this, replacing R by an arbitrary non-empty
set and |x — y| by a function of x and y which satisfies axioms based on (i), (ii) and
(iii). This is done, not simply as an exercise in the axiomatic approach, but because
the structure obtained will enable us to solve many apparently different problems
with the same technique.

Definition 2.1.1 Let X be a non-empty set and let d : X x X — R be such that for
allx,y,z € X,
(1) d(x,y) = 0;d(x,y) = 0if, and only if, x = y;
(i) d(x,y) = d(y, x) (the symmetry property);
(iii) d(x,y) < d(x, z) + d(z,y) (the triangle inequality).
The function d is called a metric or distance function on X; the pair (X, d) is called

a metric space; when no ambiguity is possible we shall, for simplicity, often refer
to X, rather than (X, d), as a metric space.

To illustrate this definition we give a variety of examples.
Example 2.1.2

(i) X =R,d(x,y) = |x — y| : this was our prototype; d is called the usual metric
on R.

(i) X =R, d(x,y) = |x —y|/ (1 4+ |x — y|). To check that the triangle inequality
holds, we observe that for all x, y, z € R,

_;51_ !
14+ |x—yl 1+ x—zl+z—yl

dx,y) =1

[x —z| + |z — ¥l
= <dx,z)+d(z,y).
I+ x—z|+1z—Y x.2) @

As the other properties required of a metric obviously hold, d is a metric.
(iii)) Letn € N and take

X=R"={x=((x1,....,x)) = (x}) : x; e Rfori =1, ...,n}.
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(iv)

Various metrics can be defined on this set in a natural way: some of the most
common are dp,(1 < p < 00) and d, where

n 1/p
dy(x,y) = (Z lx; —in”) , lsp<oo,
i=1

doo(x,y) = max{|x; —y;| :i=1,....,n}.

The metric d; is usually referred to as the Euclidean metric on R”; whenn = 1,
all these metrics coincide. That each makes R” into a metric space is clear, save
perhaps for the proof of the triangle inequality for d,, | < p < oo. This follows
from the Minkowski inequality (see Exercise 2.1.45/1), in view of which we
see that for all x, y, z € R",

n l/p
dp (x,y) = (Z (i — 20) + (@i — yi>|”)

i=1

n 1/p n L/p
< (Z i — mp) + (Z |z — y#’)
i=1 i=1

=dp(x,2) +dp(z,y).

We repeat that these examples illustrate the important fact that the same set
may be endowed with different metrics. Note that forall x, y € R", d (x,y) =
limy,_, » dp (x, y) : this follows from the obvious inequalities

doo (x,y) < dp (x,y) <n'Pdog (x,y), 1 < p < 0.
Let X be any non-empty set and define d : X x X — R by the rule that

L x#y,
dxy) = 0, x=y.

It is easy to check that d is a metric: (X, d) is called the discrete metric space
associated with X, d being the discrete metric on X. This example is not only
simple and a little surprising (going against our intuition about distances), but
is also most useful as a source of counterexamples to rash conjectures about
metric spaces.
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In what follows, if R” is referred to as a metric space without any metric being
specified, then the Euclidean metric is to be assumed. When n = 1, identifying R!
and R, this is the usual or standard metric.

v)

(vi)

Leta,b € R,a < b,I = [a, b], and let X = C(I), the set of all continuous
real-valued functions on /; for each f, g € C(I) define

b
p1(f, 8 = / | f() — gD dt,

poo(f, &) = max{| f(1) — g(1)| : 1 € [a, b]}.

First note that since | f — g| is a continuous, real-valued function on the closed,
bounded interval I, both p1(f, g) and p (f, ) are well-defined real numbers.
It is now routine to check that both p; and ps satisfy all the axioms (i), (ii)
and (iii) of Definition 2.1.1: note in particular that in view of Theorem 1.3.2
(d), p1(f, g) = 0 implies that f = g. Hence p; and p, are metrics on C(J).
For details of a whole scale of metrics p, (1 < p < 00) on C(I) see Exer-
cise 2.1.45/2.

Next we give an example similar to (R", dj,) but in which the elements of the
space are certain infinite sequences. That is, we let

o0
X:[x:(xi),-EN:xieRforallieN, lei|”<oo], 1 <p< o0,
1

and define d by

00 1/p
d(x,y) = (Z i — yi|1’) forall x,y € X.

1

To show that (X, d) is a metric space, it is first necessary to verify that d is well-
defined; that is, that d(x, y) < oo for all x,y € X : in previous examples this
has been rather obvious. For each n € N we have, by Minkowski’s inequality,

n 1/p n 1/p n 1/p
(Z|x,-—y,~|f’) s(ZmV’) +(Z |y,-|f’)
1 1 1
o I/p 00 1/p
s(z |x,-|1’) +(Z |y,-|") :
1 1
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(vii)

(viii)

(ix)

Hence d(x, y) < oo and

o0 1/p o0 1/p 00 1/p
(Zm—yiw) f(va’) +(Z |y,»|") :
1 1 1

The triangle inequality now follows from this generalised version of Min-
kowski’s inequality. To verify the remaining axioms is trivial.

This particular set X is usually referred to as £,,.

Leta,b € R,a < b, I = [a,b] and let X = ZB(I), the set of all bounded,
real-valued functions on /, with d defined by

d(f,g) =sup{|f(t) —g(®)|:t €I} whenf, ge AU).

It is easy to verify that d is a metric on Z(I): axioms (i) and (ii) obviously
hold, and if f, g, h € HAB(I), then

d(f,g) = sup{lf(t) — h(®) + h(t) —g(®)| : t € I}
< sup{l[f(1) — h(@®)| + |h(t) —g®)| : 1t € I}
<sup{lf(t) —h()| :t € I} +sup {|h(t) — g(t)| : t € I}
=d(f,h)+dh,g),

so that axiom (iii) also holds.

Since C(I) C Z(I) C A(I), we may regard C(I) and Z(I) as metric spaces,
each with the metric inherited from % (I), that is, with the metrics d |cryxc)
and d |gp1yx22(1) TESpectively.

Let (X, d) be a metric space and let Y be any non-empty subset of X; let dy be
the restriction of d to Y x Y. Then (Y, dy) is a metric space. Example 2.1.2
(vii) illustrates this most useful principle. In the case of any subset ¥ of R",
we shall for simplicity adopt the convention that if no metric is specified, Y is
assumed to be endowed with the Euclidean metric inherited from R”.

Let (X1,d1), ..., (X,, d,) be metric spaces. The product space

n
X1 X..xX, = HX,- ={(x1,....,xp) :x; €X;fori=1, ..., n}
i=1

may be made into a metric space by endowing it with the metric d, where

n 1/2
d(x,y) = [Zd?(xi,y»] if x = (x),y = ().
i=1
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This may be established just as it was shown in Example 2.1.2 (iii) that (R", d5)
is a metric space.
Let X be a vector space over R. Let ||-|| : X — R be a map such that

(a) ||x|l = 0if, and only if, x = 0;
(b) |lax|| = |e]| ||x|| forall x € X and all @ € R;

(©) llx+yll < llxll + llyll for allx, y € X.

Such a map is said to be a norm on X. Any such norm generates a metric d
on X given by
d(x,y) = llx = yll.

In several of the examples of metric spaces given above, namely (i), (iii), (v),
(vi) and (vii), the underlying set X may be viewed as a real linear space and
the metric is generated by a norm given by

x|l = d(x, 0).

We now introduce some particularly important subsets of a metric space.

Definition 2.1.3 Let (X, d) be a metric space. Given any x € X and any r > 0, let

B(x,

r)y={yeX:dx,y) <r}:B(x,r) is called the open ball in X with centre x

and radius r. A subset G of X is called open if given any x € G, there exists r > 0
(depending upon x) such that B(x, r) C G.

Example 2.1.4

@

(ii)
(iii)

(iv)

Take X = R and let d be the usual metric given by d(x,y) = |x —y|
(x,y € R), so that B(x,r) = (x — r,x 4+ r). Then (0, 1) is open, for given
any x € (0, 1), B(x, min {x, Il —x}) C (0, 1); similarly, (a, b) is open for all
a € {—oo}UR and all b € RU {+o00} with a < b. However, if a, b € R and
a < b, then [a, b] is not open, for no matter what » > 0 we choose, B(a, r) is
not contained in [a, b]; similarly, [a, b) and (a, b] are not open.

In any metric space (X, d), X is plainly open; so is ¥, for since ¥ has no points,
the statement ‘for all x € ¥, B(x, r) C @ for all r > O’ is true!

Let (X, d) be any metric space, let x € X and r > 0. Then B(x, r) is open: this
justifies our description of B(x, r) as the open ball with centre x and radius r. To
prove this, lety € B(x, r) andpute = r —d(x,y) > 0. Then B(y, ¢) C B(x, r),
forif z € B(y, ¢), then

d(z,x) <d(z,y) +d(y,x) <e+dx,y) =r.

Let X = R? and let d be the metric d> of Example 2.1.2 (iii); that is,

12
d(@,x), 1v2) = fn =y + e =y}
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The set
S ={(x1,x2) 1 x2 > x1}

is open in (R?, d), for given any (x1, x2) € S, B((x1, x2), (xo — xl)/ﬁ) CS.
(v) LetX = R? and consider the metrics d;, da, doo of Example 2.1.2 (iii) on R2.
In (R2, dy), the open ball with centre (0, 0) and radius 1 is

{(x1, x2) : max {|x1], x|} < 1}.

In (R?, dy) the same open ball is {(x1, x2) : [x1| + |x2| < 1}, while in (R, d,)
this open ball has the more familiar specification {(xl, x72) : x% + x% < 1}. The
reader is invited to sketch these three open balls.

(vi) In (R2, dz) the set Q x Q = {(q1, ¢2) : q1, g2 rational} is not open, for given

any r > 0, («/E/n, O) € B ((0,0), r) for all sufficiently large n € N.
Some basic properties of open sets are given by the following Lemma.

Lemma 2.1.5 Let (X, d) be a metric space.

(i) Every union of open subsets of X is open.
(i1) The intersection of every finite family of open subsets of X is open.
(iii) Let Y be a non-empty subset of X and let dy be the restriction of dto Y x Y.
Then U is an open subset of (Y, dy) if, and only if, there is an open subset V of
(X,d) suchthatU =V NY.

Proof

(i) Let % be any family of open subsets of X and put G = |J % . If G = @ there
is nothing to prove. Suppose G # ¥ and let x € G. Then x € U for some U € %,
and as U is open, there exists » > 0 such that B(x, r) C U C G. Hence G is open.
(ii) Let % be a finite family of opensetsandput F = (% .f % = @, then F = X
and there is nothing to prove; again there is nothing to prove if F = (. Suppose
U # W, F # @Pandletx € F. Then x € U for all U € % ; hence there exists
ry > Osuchthat B(x, ry) C UforallU € % .Putr =min{ry : U € %} :r >0
as 7/ is a finite family, and so B(x, r) C U forall U € % . Thus B(x, r) C F, and
hence F is open.

(iii) If U is open in (Y, dy) then given any u € U, there exists r, > 0 such that
{(xeY:du,x) <r,} CU;thus

U=Uueu{xeY:d(u,x)<ru}=va,

where
V= Uuey{x eX :du,x) < ry}

is open in (X, d).
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Conversely, suppose U = VNY, where V isopenin (X, d). Then givenany u € U,
there exists r,, > 0 such that

fxeY:dx,uy<nr})=YN{xeX:dx,u)<r,jCYNV,

and so U is open in (Y, dy). O

Note that the intersection of infinitely many open sets need not be open. For if
X = R and d is the usual metric on R (so that d(x,y) = |x — y| for all x,y € R),
then N°° | (—1/n, 1/n) = {0}, which is not open in (R, d).

In general, not all subsets of a metric space are open: see Example 2.1.4 (i). We
can, however, associate with each set a largest open subset: (0, 1) is the largest open
subset of [0, 1) in R, endowed with the usual metric, for instance.

Definition 2.1.6 Let (X, d) be a metric space and let A C X. The interior of A is
defined to be the set

o
A:U{G:GCAandGisopeninX}.

o
A point is said to be an interior point of A if it belongs to A.

o
Note that A is the union of all the open sets contained in A; in view of Lemma 2.1.5 (i),
it is plainly the largest open subset of A.

Example 2.1.7 Let X = R and let d be the usual metric on R. The interior of
[0, 11U {67} is (0, 1); that of N is .

o
Lemma 2.1.8 A subset A of a metric space (X, d) is open if, and only if , A = A.

Proof If A is open, then A C f{i C A,and so A = K Conversely, if A = /01 then
since Z is open so is A. (]
Dual to the notion of an open set is that of a closed set.

Definition 2.1.9 A subset A of a metric space X is closed if X\A is open.

Example 2.1.10

(i) Inany metric space (X, d), both X and ¢ are closed (and open!). Moreover, given
any a € X , {a} is closed, for given any b € X\ {a}, B (b, %d (a, b)) C X\ {a},
so that X\ {a} is open.

(i) In R, with the usual metric, [a, b] is closed, for

R\ [a, b] = (=00, a) U (b, 00)

is open, as it is the union of two open sets.
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(iii) The set A = {y € X : d(x,y) < r} (x being a given point of X and r being a
given positive number) is called the closed ball with centre x and radius r.
This set is closed, for if z € X\A, then B (z, d (z, x) — r) C X\A, which shows
that X\A is open.

Lemma 2.1.11 In any metric space, arbitrary intersections and finite unions of
closed sets are closed.

Proof Let I be a collection of closed sets. Then by De Morgan’s rules and
Lemma 2.1.5,
“(NF)y= U°F
Fes Fes

is open; hence Fﬂ F isclosed. Let F, ..., F, be closed sets. Then
€3

C(FiU---UF) = FiN---N °F,,

a finite intersection of open sets. Thus ¢ (F; U --- U F}) is open, by Lemma 2.1.5;
hence (F; U ---UF,) is closed. O

Dual to the notion of the interior is that of the closure of a set.

Definition 2.1.12 The closure A of a subset A of a metric space X is the intersection
of all closed sets in X which contain A.

In view of Lemma 2.1.11, A is the smallest closed set which contains A. Two simple,
but useful, lemmas now follow.

Lemma 2.1.13 Let A be a subset of a metric space. Then A is closed if, and only if,
A = A. Moreover, A = A.

Proof If A = A, then since A is closed, so is A. Conversely, if A is closed then it is
the smallest closed set which contains A, and hence A = A. Since A is closed, it now

follows that X = A. O

Lemma 2.1.14 Let A be a subset of a metric space X. Then

o

A=A and ‘(&)= A .

Proof A point x belongs to C(f&) if, and only if, x fails to belong to any open set
G C A; and this is so if, and only if, x € F for all closed F D¢ A, which is equivalent
to the statement that x € €A.
The second identity follows from the first on replacing A by “A. Alternatively,
note that
o

“(A) =¢ (mFDA,F closed F) = UFDA,F closech = UO open, OCCA 0 =A. 0

For economy of expression we need the following definition.
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Definition 2.1.15 Let X be a metric space and let @ € X. Any open set containing a
will be called a neighbourhood of a.

A simple example of a neighbourhood of a is given by the open ball B(a, r) centred
at a and with radius r; every neighbourhood of a contains such a ball. In terms of
neighbourhoods we can give a useful characterisation of the points of the closure of
a set.

Lemma 2.1.16 Let A be a subset of a metric space X. Then x € A if. and only if.
every neighbourhood V of x has non-empty intersection with A.

Proof The statement that for all neighbourhoods V of x we have VN A # @ is
o

equivalent to saying that x ¢°A = °(A), by Lemma 2.1.14. 0

Definition 2.1.17 Let A be a subset of a metric space X. The boundary 0A of A is
)
defined to be A\A.

Note that by Lemma 2.1.14,
- L
0A = ANCA =CA\ ‘A .

Example 2.1.18

(1) LetX =R, endowed with the usual metric. The boundary of [0, 1] is {0, 1}, that
of Q and R\Q is R.

(i1) Let X be a discrete metric space and let x € X. Then aB(x, r) = @ forall r > 0.
This contrasts sharply with the situation in R”, equipped with the Euclidean

n
metric: in this setting B(x, r) = {y e R" : 3 (x; — y))? = rzl.
i=1
Now that we have introduced the basic ideas concerning subsets of a metric space
we turn to the convergence of sequences.

Definition 2.1.19 A sequence (x,) in a metric space (X, d) is said to converge to a
point x € X if, and only if, given any ¢ > 0, there exists N € N such thatd(x, x,,) < ¢
if n > N; we write this as x,, — x,lim,_o0x;, = xord(x,x,) > 0asn — o00. A
sequence (x,) in X is said to be convergent if, and only if, there exists x € X such
that x,, — x; we also say in this case that (x,) has limit x.

Note that x, — x if, and only if, given any neighbourhood V of x, there exists N € N
such that x, € V foralln > N.

Lemma 2.1.20 Let (x,,) be a sequence in a metric space (X, d). Then (x,) converges
to at most one point.

Proof Suppose that x, — x and x,, — y. Then
d(x,y) < d(x,x,) +d(xp,y) > 0asn — oo.

Hence d(x,y) =0, and so x = y. O
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Of course, a sequence may well not converge to any point.
Example 2.1.21
(i) Let X = R" and let d be the Euclidean metric on R" (see Example 2.1.2 (iii));

let (x"),,en be a sequence in R”, with x(™ = (xim), ..., x™) The sequence
(xm) converges to x = (x;) in R” if, and only if,

n
Z(xi —xi(m))2 — 0asm — oo;

i=1

from this it is clear that (x"™) converges to x in R" if, and only if, (xl.(m))

converges to x; as m — oo, foreachi € {1, ..., n}.

(i) Let (X, d) be a discrete metric space. Then a sequence (x;) in X is convergent
if, and only if, it is eventually constant; that is if, and only if, there exists N € N
such that x, = xy for all n > N. For if (x;,) is convergent in X, there exists
x € Xand N € N such that d(x, x,,) < 1 for alln» > N, so that x,, = x for all
n > N. The converse is obvious.

Convergent sequences of real numbers are bounded. Given an appropriate extension
of the definition of boundedness, the same is true in a general metric space.

Definition 2.1.22 Let (X, d) be a metric space. A non-empty set A C X is said to
be bounded if there is a real number M such that

d(x,y) =M (x,y € A);
otherwise, A is said to be unbounded. The extended real number
diam(A) := sup{d(x,y) : x,y € A}

is called the diameter of A.
Note that the set A is bounded if, and only if, diam(A) < oo.
Lemma 2.1.23 Let (x,) be a convergent sequence in a metric space (X, d). Then

{x, : n € N} is bounded.

Proof Suppose thatlim,,_, o, x,, = x. Then there exists N € N such thatforalln > N,
d(x,x;) < 1. Put r = max{l, d(x, x1),...,d(x,xy_1)}. Then d(x, x,) < r for all
n € N; further,

d(-xm’ xn) S d(-xn’h x) + d(-x9 xn) S 2r (m’ ne N)

Thus {x, : n € N} is bounded. [l

We can now give a most useful characterisation of the closure of a subset of a metric
space.
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Lemma 2.1.24 Let A be any subset of a metric space X. Then x € A if. and only if.
there is a sequence (xy) of points of A such that lim,_, 5 X;, = X.

Proof Suppose there is a sequence (x;,) in A such that x, —> xasn — o0. Then for
allr >0, AN B(x, r) # ¥; and so by Lemma 2.1.16, x € A.

Conversely, suppose that x € A. Then by Lemma 2.1.16, for all n € N we have
B(x, %) N A # (. Appeal to the countable axiom of choice (Axiom A.5.2) gives
the existence of a sequence (x,) with x, € B(x, %) N A for all n € N; plainly
Xp = X. O

To conclude this rapid discussion of sequences we introduce the notion of a point of
accumulation of a set.

Definition 2.1.25 Let A be a subset of a metric space X. A point x € X is called an
accumulation point of A, or a limit point of A, if given any neighbourhood V of x,
there exists a € A NV with a # x.

Note the difference between a point of accumulation of A and a point in A: every
point of accumulation of A is evidently in A, but the converse is false. For example,
with X = R endowed with the usual metric and A = (0, 1) U {2}, the point 2 belongs
to A but is not a point of accumulation of A as B(2, 1) contains no point of A distinct
from 2.

Lemma 2.1.26 Let A C X. Then x is a point of accumulation of A if, and only if,
there is a sequence (xy) of distinct points of A with x, — x as n — o0.

Proof Let x be a point of accumulation of A. Then given any n € N, there exists
X, € AN B(x, %), Xn #~ x; this gives a sequence (x,) of points of A which converges
to x, with each x,, # x. The difficulty is that the points of this sequence may not
be distinct, and to overcome this we proceed as follows, noting that there must be
infinitely many distinct points in the sequence, for otherwise the sequence could not
converge to x. Define m : N — N by m(1) = 1, m(k 4+ 1) = least integer p such
that x, & {Xm(1), Xm(@)s - - -+ Xm(y } (K = 1); thus m(2) = least p such that x,, # x;.
Then (x,(n))neN i a subsequence of (x,) consisting of distinct points of A, and
lim;,_, 5o X;n(n)y = x. The converse is obvious. [l

2.1.1 Continuous Functions

Definition 2.1.27 Let (X1, d1), (X2, d>) be metric spaces. A map f : X; — Xp
is said to be continuous at x € X if given any ¢ > O, there exists § > 0 such
that da (f (), f(x)) < € if di(x,y) < §. (In general, § depends upon x and ¢.) If
f is continuous at each point of X1, it is said to be continuous (on X;). If given
any ¢ > 0, there exists § > 0 (depending only on ¢) such that d>(f (y),f(x)) < ¢
whenever dj (x, y) < §, then f is called uniformly continuous on X;.
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This definition is the obvious extension of the ¢, § definition of continuity and
uniform continuity for maps from subsets of R to R given in Chap. 1. However, in
the wider context of metric spaces it is desirable to have other characterisations of
continuity, and we now deal with this, beginning with the local property (that is,
continuity at a point) and then turning to the global position (continuity on the whole
space).

Lemma 2.1.28 Let (X1, dy) and (X2, da) be metric spaces, let f : X1 — X and let
x € X1. Then the following three statements are equivalent:

(1) fis continuous at x;
(1) given any neighbourhood V of f(x), there is a neighbourhood U of x such that
AU) CV;
(i1) limy— o0 f (Xn) = f(X) if Xp = x.

Proof To prove that (i) implies (ii), let V be a neighbourhood of f(x) and let ¢ > 0
be such that B(f (x), ) C V. Since f is continuous at x, there exists § > 0 such that
f(y) € B(f(x),¢) if y € B(x, 8); thus f(B(x,8)) C B(f(x), &) and (ii) holds with
U = B(x, §). Next we show that (ii) implies (iii). Suppose that x, — x in X and let
V be a neighbourhood of f(x). As (ii) holds, there is a neighbourhood U of x such
that f(U) C V; and there exists N € N such thatx, € U if n > N. Hence f(x,) € V
for all n > N, which means that f (x,,) — f(x) asn — oo.

Finally, to prove that (iii) implies (i), suppose that (iii) holds but (i) is not true.
Then there is an ¢ > 0 such that given any n € N, there exists x,, € X1 such that
di(x,x,) < 1/n while d>(f (x), f(x,)) > €; and so x, — x but f(x;) - f(x), which
contradicts (iii). O

Lemma 2.1.29 Let X|, X» and X3 be metric spaces, let x € X1, let f: X1 — Xp
be continuous at x and let g : X, — X3 be continuous at f(x). Then h :== gof
is continuous at x. If f and g are continuous on X1 and X» respectively, then h is
continuous on Xj.

Proof Suppose x,, — x as n — oo. Then as f is continuous at x, f (x,) — f(x); and
as g is continuous at f(x), g(f (x,)) — g(f(x)). By Lemma 2.1.28, A is continuous
at x. The rest is obvious. (Il

Example 2.1.30

(i) Letf : R™ — R”, and suppose that R” and R” are endowed with the appropri-
ate Euclidean metric. For each x € R™ write f(x) = (fi(x),
..o, fn(x)); we thus have defined functions f; : R — R (i = 1,...,n),
called the coordinate functions of f. It is now clear that f is continuous at
xo € R™ if, and only if, each f; is continuous at xg.

(i1) Just as in the case of maps from R to R it follows that if X is a metric space
then sums and products of continuous maps from X to R are continuous; that
is, if xop € X and f1, /> : X — R are continuous at xp, then the maps fi + f>
and fif> (defined by x — fi1(x) + f2(x) and x —> f](x)f>(x) respectively)
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are continuous at xo. Similarly, the map Af; (defined by x —— Afj(x)) is con-
tinuous at xp, for all A € R; and if f>(xp) # 0, then the map f1/f> (defined by
x —> f1(x)/f2(x)) is continuous at xg. The proofs of all these assertions are
identical to those of the corresponding assertions when X = R and which are
familiar in elementary analysis.

It follows that every polynomial p on R?, where

N
px,y) = z apnx"y" (@mn € R),

m,n=0

is continuous on R?; and any rational function f on R?, where f(x,y) =
p(x,¥)/q(x,y) and p, g are polynomials with g never zero, is also continuous
on R2.

(iii) Letf : R> — R be defined by

f(x y) = ;i%ii lf (‘x’ y) 75 (Ov 0)7
’ 0 if (x,) = (0, 0).

Reasoning as in (ii), f is continuous on R2\ {0, 0}; it is not continuous at (0, 0),
forifx #0,f(x,0) =1-»0=£(0,0) asx — 0.

Functions between metric spaces commonly have points of discontinuity. As a
tool for the investigation of discontinuity we introduce the concept of the oscillation
of a function at a point.

Definition 2.1.31 Let X; and X> be metric spaces and let f be a map from X to X».
For each x € X1, let w(x) be the extended real number defined by

w(x) = inf{diam(f (U)) : Uis a neighbourhood of x};

w(x) is called the oscillation of f at x. The corresponding function w is called the
oscillation function for f.

Lemma 2.1.32 Let X| and X, be metric spaces,  be a map from X to X», and
be the oscillation function for f. Then

(a) f is continuous at x € X if, and only if, w(x) = 0;
(b) for each real number «, the set {x € X1 : w(x) < «} is open in X.

Proof (a) Let f be continuous at x and & > 0. Then there exists § > 0 such that

f(B(x,8)) C B(f(x), €).

Hence



2.1 Basic Definitions 81
w(x) < diam(f(B(x, §))) < 2e,

and it follows that w (x) = 0.

Conversely, let w(x) = 0 and ¢ > 0. There is a neighbourhood U of x such
that diam(f(U)) < e; further, there exists § > 0 such that B(x,§) C U. Hence
f(B(x,8)) C B(f(x), €) and f is continuous at x.

(b) Suppose « > 0; the result is obvious otherwise. Let

E={xeX 0ok <o}

and y € E. Then there is a neighbourhood U of y such that diam(f(U)) < «. Now
o
U is a neighbourhood of each of its points and thus U C E. It follows that y € E,
o
that E C E and so E is open. (]

Lemma 2.1.33 Ler X1 and X, be metric spaces and let f : X1 — X». The following
three statements are equivalent:

(i) f is continuous (on X1);
(ii) if Vis an open subset of X, f (V) is open in X;;
(iii) if F is a closed subset of X, f_1 (F) is closed in X;.

Proof To prove that (i) implies (ii), assume that (i) holds, let V be open in X and let
x ef “L(V). As f is continuous at x, there is a neighbourhood U (x) of x such that
f(U(x)) C V;thatis, U(x) C f~'(V). Thus f~!(V) contains a neighbourhood of
each of its points and hence is open.

Next suppose that (ii) holds, let x € X and let V be a neighbourhood of f (x). Then
by (ii), f~'(V) is open; and x € f~1(V). Thus f~1(V) is a neighbourhood of x and
f(f_1 (V)) C V, which by Lemma 2.1.28 means that f is continuous at x. Since x is
an arbitrary point of X1, f must be continuous on X;. Hence (i) and (ii) are equivalent.

Finally, (ii) and (iii) are equivalent, in view of the identity X1\ £~ (F) = f =1 (Xo\F)
forall F C X». |

Remark 2.1.34

(i) In view of Lemma 2.1.33 it is easy to see that f : X; — X3 is continuous if]
and only if, f =1 (B) is open for all open balls B C X5.

(i) Suppose that f: X; — X» is continuous and that U is an open subset of X;. It
does not follow that f(U) is open in X>. To illustrate this important point, let
X1 = X2 = R, endowed with the usual metric, define f: R — R by f(x) =
I+ P xeR) andletU = (-1, 1). Then f is continuous, U is open but
fw) = (% 1], which is not open. Similarly, it does not follow that the image
of a closed set under a continuous map is closed.

Lemma 2.1.33 enables us to prove a simple and most useful result, often called the
glueing lemma because it shows that under appropriate conditions, two continuous
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functions defined on subsets of a metric space may be ‘glued together’ to form a
continuous function on the union of those subsets. Frequent reference to this lemma
will be made in Sect. 2.5 and in our treatment of the Jordan curve theorem in Sect. 3.9.

Lemma 2.1.35 Ler X and Y be metric spaces and suppose that X = A U B, where
A and B are non-empty and either both open or both closed. Let f : A — Y and
g : B — Y be continuous (A and B are assumed equipped with the metric inherited
from X), suppose that f (x) = g(x) for allx € AN B, and define h : X — Y by

_ ), x €A,
hix) = [g(x), x € B.

Then h is continuous.

Proof (i) Suppose A and B are both open in X. Let & be an open set in Y. By
Lemma 2.1.33, f~1(&) and ¢g~!(&) are open in A and B, respectively. Thus, by
Lemma 2.1.5, there exist sets U, V open in X such that

fly=una, g'(0)=vnB.;

the sets f~1(¢) and g~ (&) are open in X; and since h~'(0) =f~1(0) U g~ 1(0),
h~1(0) is open in X. The continuity of / follows by further appeal to Lemma 2.1.33.

(i) Suppose A and B are both closed in X and let F' be a closed set in Y.
By Lemma 2.1.33, f~!(F) and g~!(F) are closed in A and B, respectively. By
Lemma 2.1.5, since A\f~!(F) is open in A, there exists a set U open in X such
that A\f~1(F) = AN U; also,

X\FTHF) = \A) U AVTHF) = X\A) U U,

a set open in X. Thus £~ (F) is closed in X as, by similar reasoning, is g~ ! (F). Now
h~Y(F) = f~'(F)Ug~'(F) and so, by Lemma 2.1.11, A~ ' (F) is closed in X. Finally,
by Lemma 2.1.33, the continuity of / is proved.

Note that use of Exercise 2.1.45/17 yields a simpler proof of (ii), one identical in
form with that given in case (i). ([l

2.1.2 Homeomorphisms

‘We now introduce the idea of homeomorphism, which enables a sensible classifica-
tion of spaces to be made.

Definition 2.1.36 Let X, X, be metric spaces. A map f : X; — X is said to be a
homeomorphism if it is a continuous bijection and f ! is continuous. If such a map
exists, X1 and X, are said to be homeomorphic.
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Remark 2.1.37

@

(i)

(iii)

Not every bijective continuous map is a homeomorphism; that is, the condition
that /~! be continuous is an essential part of the definition. For take X; = R
endowed with the discrete metric, let X, = R endowed with the usual metric
and let f be the identity map from X to X»; thatis f (x) = x for all x € R. Then
f is not a homeomorphism: it is continuous, as f -1 (0) is open in X| whenever
O is open in X, (every subset of X is open!); but f~! is not continuous, for
f~H~1([0, 1)) = [0, 1) is open in X; but not in X>.

Letf : X; — X, be abijection. Then if f is a homeomorphism, a subset U of X
is open if, and only if, f (U) is open in X,: note that U = (f~1)~1(U). It follows
that the open sets in a metric space may be put in one-to-one correspondence
with the open sets in any metric space homeomorphic to it.

In general, homeomorphisms do not preserve distances. Thus let X; = (0, 1),
X, = (1,00) and endow each set with the usual metric inherited from R;
let f : X1 — X» be defined by f(x) = X! (x € X1). Then f is plainly a
homeomorphism, but if x,y € X; and x # y, then |x_1 —y_1| # |x—yl;
that is, the distance between f(x) and f(y) differs from that between x and
y. Homeomorphisms which do preserve distances are called isometries. We
formalise this in the following definition.

Definition 2.1.38 Let (X1, d;) and (X2, d2) be metric spaces. Amap f : X1 — X»
is said to be an isometry if it is bijective and for all x, y € Xi,

d(f (%), f(») = di(x,y).

If such a map exists, X| and X, are said to be isometric.

Example 2.1.39

@

(ii)

Consider R”, with the Euclidean metric, and the unit ball B(0, 1) in R”, given the
metric inherited from R”. Then R” and B(0, 1) are homeomorphic. To see this,

1
n 2
let f : R" — B(0, 1) be defined by f (x) = x/(1+ |x|), where |x| = (Z xlz) .
i=1

Since |[f(x)| = |x| /(1+]x]) < 1forallx € R”", it follows that f (R") C B(0, 1).
Moreover, given any y € B(0, 1), the point x := y/(1 — |y|) is the unique point
mapped by f to y : thus f is a bijection and f~!(y) = y/(1 — |y|). It is clear that
f and f~! are continuous, and hence f is a homeomorphism.

For any n € N, let S” be the unit sphere in R"*! (endowed with the Euclidean
metric); that is,

n+1
S = [(x,-) eR™: > P = 1].

i=1

Then $2\ {(0, 0, 1)} is homeomorphic to R2, each set being given the Euclidean
metric. This follows by consideration of the stereographic projection P, where
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(iii)

(iv)

2 Metric Spaces

X1 X2

l—x3" 1 —x3

First note that P is obviously a continuous map of Sz\ {(0,0, 1)} to R2. More-
over, P is bijective, for given any (y1,y2) € R2, the equation Px = (y1,y2)
has the unique solution x; = 2y1/(? +y3 + 1), x2 = 2y2/(32 + 5 + 1),
X3 = (y% + y% - l)/(y% + y% + 1), since any possible solution x = (x1, x2, Xx3)
must satisfy

O +03)/(1 = x3)” =37 +33. (1 =) /(1 —x3)° = »7 +3,
so that (1 +x3)/(1 —x3) =y + y3 and hence

X3 =07 +y5— D/ +y5+ 1), x1 = yi(1 —x3) =2y1/(F +y5 + 1),

=yl —x3) =20/ + 3+ 1).

The continuity of P~! is now clear, and so P is a homeomorphism.

Let S, Q C R? be a circle and a square, respectively, each given the Euclidean
metric inherited from R2. Then S and Q are homeomorphic. To prove this it
is enough to consider the case in which S = § I (see (ii) above) and Q is the
square with centre O, of side 2 and with sides parallel to the coordinate axes.
Define ¢ : Q — S by ¢(x,y) = (x,y)/+/ (% + y?); ¢ is plainly continuous.
It is bijective, for given (u,v) € S, there is a unique (x,y) in Q such that
¢ (x,y) = (u,v). In fact, x//(x2 + y2) = u, y//(x2 +y2) = v, so that if we
putx = rcosf,y = rsinf, then u = cos#, v = sin6; moreover, (x,y) € Q
if, and only if, max{|x|, |y|} = 1, and so max{r |u|, r |[v|} = 1, which gives
r = 1/ max{|u|, [v|}. Hence

x = u/max{|ul, [v|}, y =v/max{lul, [v]},
which shows that ¢~ (u, v) = (u, v)/ max{|ul| , |v|}. Since ¢~ is plainly con-
tinuous, it follows that ¢ is a homeomorphism.

Let R" be given the Euclidean metric. Then a map g : R” — R” is an isometry
if, and only if, it is of the form

gt) =xo0+f(1) (t € R")

where xp € R" and f : R" — R" is linear, and orthogonal in the sense that for
n

all s,r € R™, (f(5),f(®)) = (s, 1), where {x,y) = > x;y;.
i=1

To prove this, first suppose that g is an isometry and let d be the Euclid-
ean metric on R". Put f(r) = g(r) — g(0) (t € R™); then f(0) = 0, d(f(s),
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f(@0) = d(g(s), g1)) = d(s, 1) and d(f (1), 0) = d(g(7), g(0)) = d(z,0). For
all s, r € R, it follows that since d>(f (s), f(t)) = d*(s, ) we have

d>(f(1),0) — 2 {f (1), £(5)) + d*(F(s),0) = d*(s,0) — 2 (s, 1) + d*(z,0),

and hence (f (1), f(s)) = (s, t).

Thus f is orthogonal. To show that f is linear, let s, t € R" and «, § € R. Then
d*(f (as + B, af (s) + Bf (1)) is given by

(f (s + Bt) — af (s) — B (1), f (as + B1) — af (s) — Bf (1))
= (f(as + B1).f(as + B) + o> (£ (5), £ (s)) + B> (£ (1), f (1))

+ 20B (f(5). £ (1)) — 2 (f (s + B1). £ (5)) — 2B {f (ews + ). (D))
= (as + Bt, as + Bt) + o> (s, s) + B> (t, 1) + 2aB (s, 1)

— 20 (s + Bt, s) — 28 (as + Bt, 1)

=2 {as+ Bt,as + Bt) — 2 {as + Bt, as + Bt) = 0.

Hence f is linear.

Conversely, suppose that g = xo + f, where f is linear and orthogonal. Then
forall s, t € R”,

d*(g(s), g(1)) = d*(F(s), £ (1)) = (F(s) —f (), f(s) —f (1))

=(f(s—1),f(s —1) = (s —t,5 — 1) = d*(s, 1),

which shows that g is an isometry.

2.1.3 An Extension Theorem

Let A be a subspace of a metric space X and let f : A — R be continuous. A
natural question to ask is whether or not f has a continuous real-valued extension
defined on all of X. That is to say, does there exist a continuous map g : X — R
such that for all x € A, g(x) = f(x)? In general, the answer is negative: the map
x +— 1/x : (0,1) — R is continuous, but it has no continuous extension even
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to [0, 1] because such an extension would have to be bounded. However, for an
affirmative answer it turns out that a sufficient condition on A is that it is a closed
subspace of X. We establish this below, beginning with a few preliminaries.

Lemma 2.1.40 Let A and B be non-empty subsets of a metric space (X, d). For each
x € X, let the distance from x to A, denoted by d(x, A) or by dist(x, A) when the
metric d is understood, be defined by

d(x,A) =inf {d(x,a) :a € A} (x € X),
and the distance from A to B be
d(A,B) =inf{d(a,b) :a € A, b € B}.

Then
(i) d(A,B) =inf{d(a,B) :a € A}L
(i) d(x,A) =0if, and only if, x € A;
(iii) the map x —> d(x,A) : X — R is continuous; in fact, for all x,y € X,

ld(x,A) —d(y,A)| < d(x,y).

Proof (i) For all a € A and all b € B, d(A, B) < d(a, b); hence, for all a € A,
d(A,B) < d(a,B) and so d(A, B) < inf {d(a, B) : a € A}. Now let ¢ > 0. There
exista € A and b € B such that d(a, B) < d(a, b) < d(A, B) + ¢; thus

inf{d(x,B) :x € A} <d(A,B) +¢.

As this is true for all ¢ > 0, (i) follows.

(i1) d(x, A) = 01if, and only if, foralle > 0, ANB(x, &) # @J; and, by Lemma 2.1.16,
this is true if, and only if, x € A.

(ii1) Let x, y € X. Then for all a € A,

dx,A) —d(x,y) <d(x,a) —d(x,y) <d(y, a).
Hence d(x,A) — d(x,y) < d(y,A). Interchange of x and y shows that d(y, A) —
d(y,x) <d(x,A), and (iii) follows. U

The notion of uniform convergence for sequences of real-valued functions, intro-
duced in Sect. 1.7, may be developed further to include functions with range in a
general metric space.

Definition 2.1.41 Let S be a non-empty set, let (X, d) be a metric space and, for
eachn € N, letf, : S — X. The sequence (f;,) is said to converge pointwise on S if
there is a function f : § — X such that for each s € S,

lim_ d(f,()./(5)) = 0;
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it is said to converge uniformly on S if there is a function f : § — X such that
lim sup d(f,(s),f(s)) =0.
n— oo S

Evidently uniform convergence on S implies pointwise convergence on S; apart
from special cases, the converse is false. In Sect. 1.7 it was observed that the limit
of a uniformly convergent sequence of continuous real-valued functions defined on
a subspace of R is itself a continuous function. This observation carries over to the
setting of a general metric space: loosely speaking, uniform convergence preserves
continuity. Henceforth, it will be convenient to use the symbol C(X, Y) to denote
the family of all continuous functions from a metric space X to a metric space Y;
C(X, R) (R being given the usual metric) may be abbreviated to C(X).

Theorem 2.1.42 Let X and Y be metric spaces and let a € X. For each n € N
let f, : X — Y be continuous at a, and suppose that the sequence (f,,) converges
uniformly on X to f : X — Y. Then f is continuous at a. In particular, if each
eCX,Y), thenf e CX,Y).

Proof This is an obvious modification of that of Theorem 1.7.7. O

Our goal in this subsection is to prove that a continuous real-valued function on a
closed subspace of a metric space X has a continuous real-valued extension to all of
X. The lemma which follows, usually referred to as Urysohn’s lemma , is a special
case of this result. Framed in the metric space context adequate for our purposes, it
has an elementary proof: Urysohn established it in a more general setting.

Lemma 2.1.43 Let A and B be disjoint closed subsets of a metric space (X, d). Then
there exists a continuous map f : X — R such thatf(x) =1 (x € A), f(x) = —1
(xeB)and |f(x)] < 1onX.

Proof If either A or B is empty, then a suitable constant map may be chosen for f.
Suppose that neither A nor B is empty and, adopting the notation of Lemma 2.1.40,
define f : X — R by f(x) = {d(x,B) — d(x,A)}/{d(x, B) + d(x,A)}. Part (ii)
of Lemma 2.1.40 shows that, for all x € X, d(x, B) + d(x,A) > 0 and so f is
well-defined; part (iii) shows that the maps x — d(x,A) and x —— d(x, B) are
continuous and therefore (see also Example 2.1.30 (ii)) f is continuous. That f has
the remaining properties is clear; indeed, on X\ (A U B), || < 1. O

With this lemma at our disposal we give the promised extension theorem, which is
due to Tietze.

Theorem 2.1.44 (Tietze’s extension theorem) Let A be a non-empty closed subset
of a metric space X and letf : A — R be continuous. Then there exists a continuous
map g : X — R such that g(x) = f(x) for all x € A.

Proof Let¢p : R — (—1, 1) be defined by

d(x) = (1 +[xh~'x.
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Let h = ¢ o f; plainly, || < 1 on A. We begin by proving that the bounded map 4
has a continuous extension to X. Let E, F be the disjoint closed sets given by

E={xeA:h(x)<—-1/3},F={x€e€A:h(x) >1/3}.
By the Urysohn Lemma, there exists a continuous map u; : X — R such that
ur(x) =—-1/3 x € E),u1(x) =1/3(x € F)
and |u;(x)] < 1/3 (x € X). Note that
[h(x) —u1(x)| <2/3 (x € A).

With A replaced by %(h — uy), repetition of the above argument shows that there
exists a continuous map u> : X — R such that

2
lup ()| < 7 (xeX)

and
|h(x) — w1 (x) — (0] < (2/3)* (x € A).

Inductively, it follows that there is a sequence (u,,) of continuous real-valued functions
on X such that

n—1
[y ()| < 3 (xeX;neN) (2.1.1)
and i
hx) = > w@)| < (2/3)" (x € A;n € N). (2.12)
k=1

Use of (2.1.1), Theorem 1.7.5 (the Weierstrass M —test) and Theorem 2.1.42 shows
that > u,, converges to a continuous function on X, say u. Then, for all x € X,

0 0 on—1
@) <= > @l = 3 e = 1;
n=1 n=1

also, from (2.1.2), u |a= h.

The map u is a continuous extension of /4 to X, but this extension may assume the
values —1 or 1. A continuous extension eliminating this possibility is constructed
next. Let

B={xeX:ukx)e{-1,1}}
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Plainly, B is closed and A N B = (. By Urysohn’s Lemma, there exists a continuous
map ¥ : X — R such that

Yx)=1xeA),yx®=0(xeB)
and0 <y < 1onX\(AUB).Letv:X — R be defined by

v(x) = y(ux) (x € X).

Evidently, v |4= u |4= h, and v is a continuous extension of 4 with values in (—1, 1).

Lastly, the conclusion of the theorem is immediate on setting g = ¢! o v.
Incidentally, it can be shown (see [5], (4.5.1)) that there is an extension g with the
property that

sup g(x) = supf(y), inf g(x) = inf £ (y).
xeX yeA reX YEA

Exercise 2.1.45
1. Letl <p < ooanddeﬁnep/ by% +§ = 1. Letf : [0, 00) — R be given by

f@ = % + [% — t. Show that the minimum of f on [0, c0) is attained only at
t = 1 and that the minimum value is 0. Hence show that for all a, b € [0, 00),

a b
ab < — + —,
p p

with equality if, and only if, a = /@~
Deduce Holder’s inequality: for every x = (x1,...x,),y = (b1, ..., yn) € R",

n n l/p n 1/p'
> bal < (Z |xk|p) (Z |yk|f’) :
k=1 k=1 k=1

(The case p = 2is Schwarz’s inequality.) Use this to prove Minkowski’s inequal-

1ty:
n 1/p n 1/p n 1/p
(Z Ik + Vi |") < (Z e |1’) - (Z vk |,,) :
k=1 k=1 k=1

Hence show that (R", d,) is a metric space, where

n 1/p
dy(x,y) = (Z e — Vi |") :
k=1
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2. Leta, b € R, suppose thata < b and put I = [a, b]; let 1 < p < oo. Prove that
(C), d) is a metric space, where

l/p

b
aif,g) = /lf(t)—g(t)l”dt (f, g € CU)).
3. Letp € [1, 00) and set

o0
6, = [x = (xien : x; € Rforalli e N, D |xil? < oo] ,
1

00 1/p
dy(x,y) = (Z i — y,-|") (x,y € £p).
i=1

Prove that (£,, d)) is a metric space.
4. Let S be the set of all sequences of real numbers and define d by

00
% — Ynl

dx.y) = ; Tt ] = Gy = On €5

Show that (S, d) is a metric space.
[Hint: t —> t/(1 4 ¢t) is an increasing function on [0, c0) ]
5. Let p be a prime number. Given any distinct integers m, n, let t = ¢(m, n) be the
unique integer such that
m—n=kp'

for some integer k not divisible by p. Define d : Z x Z — R by

1/pt ifm #n,
d(’”’”):[o/p ifZiZ.

Prove that for all distinct a, b, ¢ € Z,
t(a, c) > min{t(a, b), t(b, c)},
and hence show that (Z, d) is a metric space.

6. Determine whether the following subsets of R (endowed with the usual metric)
are open, closed or neither open nor closed:

N, (i) [%:neN], (iii) Q, (iv) [(—l)”(l—i—}l):neN].
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. Show that each of the following sets is an open subset of R?, endowed with the

Euclidean metric:

(i){(x,y) x4y <1, x>0, y>0},
(i) {(x,y) : x +y #0},
(i) {(x, y) : xy # 1}.

Is {(x,0) : 0 < x < 1} an open subset of R2?

. Show that each subset of a discrete metric space is open and closed.
. Let .S be the set of all sequences of real numbers; given any x = (x,) andy = (y,)

in §, with x # y, let k(x, y) be the smallest integer n such that x,, # y,. Define
d:SxS— Rby

1/k(x, if x ,
deey = xii

Prove that for all x, y, z € S,
d(x,y) < max{d(x,z),d(z,y)},

and hence show that (S, d) is a metric space.
Let (X, d) be a metric space and suppose that for all x, y, z € X,

d(x,y) < max{d(x,z),d(y,2)}.

Prove that if d(x, z) # d(y, z), then d(x, y) = max {d(x, z), d(y, z)}. Show also
thatif x € X and r > 0, then B(x, r) = B(y, r) for all y € B(x, r). Prove that if
two open balls in (X, d) intersect, then one is contained in the other. Show that
forall x € X and all » > 0, B(x, r) is closed and {y € X : d(x, y) < r} is open.
Let X be a non-empty setand d : X x X — R a mapping such that

(1) d(x,y) = 01if, and only if, x = y;
@) d(x,z) <d(x,y) +d(z,y) forall x,y,z € X.

Prove that (X, d) is a metric space.
Let di, d>» be two metrics on a non-empty set X, and suppose that there are
positive constants «, 8 such that for all x, y € X,

adi(x,y) < da(x,y) < Bdi(x,y).

Prove that the metric spaces (X, d1) and (X, d») have the same open sets.
Deduce that each of the metrics d,, of Example 2.1.2 (iii) generates the same
family of open subsets of R".
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13. Show that for all subsets A and B of a metric space X,

o
o o —_— — — [
ANB=ANB, AUB=AUB.
Show by means of examples that, in general,
o o L
AUB # AUB, ANB#ANB.
Find the closure and interior of the subset D of R? (with the Euclidean metric)

defined by
D= [(X,y, z) € R® : cosh(x + yz) > 2} .

14. Determine the interiors and closures of the following subsets of R? (with the
Euclidean metric):
@O{x,y):0<x<y<1}, (i) {(x,0):0 <x < 1}, (i) {(x,y) : x,y € Q}.
15. Let S be the subset of [0, 1] (with the usual metric) consisting of all those real
numbers which have a decimal representation of the form

> a
Zl(;n’

n=1

where a,, € {0, 1} for all n € N. By consideration of any y € [0, 1]\S and the
first digit in the decimal representation of y which is not 0 or 1, find the closure
of S.

16. By consideration of a discrete metric space, show that a closed ball in a metric
space need not be the closure of the open ball with the same centre and the same
radius.

17. Let (X, d) be a metric space, let Y be a non-empty subset of X and let dy be the
restrictionof dto Y x Y.

(i) Show that A is a closed subset of (Y, dy) if and only if there is a closed
subset B of (X, d) suchthat A =BNY.

(i1) Let Y be a closed subset of (X, d) and S C Y; let cly(S) (clx(S)) denote
the closure of S'in (Y, dy) ((X, d)). Show that cly (S) = clx(S).

18. Letf : R> — R be defined by

_[xy/GE 47 if () # (0,0),
TED =10 if (x,) = (0, 0);

R? and R are each supposed to be equipped with the appropriate Euclidean
metric. Show that f is continuous at each point of R?\{(0, 0)}, and that it is not
continuous at (0, 0).
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19. Let X be a metric space, letf, g : X — R be continuous and define 4 : X — R?
by h(x) = (f(x), g(x)) (x € X). Given that R? is endowed with the Euclidean
metric, show that /4 is continuous on X.

20. Discuss the continuity of the map f : R*> — R? (R? is equipped with the
Euclidean metric) defined by

it A e 5 T
f(X,y)Z (x2+y2’ x2+y2 ) lf(‘x’y)#(ovo)v
0,0 if (x,y) = (0, 0).

21. Show that§ : = {(x,y) : x> — y? + 2xy < 0} is an open subset of R? (equipped
with the Euclidean metric).
22. Let A and B be non-empty subsets of a metric space (X, d). Prove that

(i) A is bounded if, and only if, there exist x € X and r > 0 such that A C
B(x, r);
(il) A C B implies that diam(A) < diam(B);
(ii1) diam(A) = 0 if, and only if, for some x € X, A = {x};
(iv) ifa € A and b € B, then

diam(A U B) < diam(A) + diam(B) + d(a, b);

(v) if A and B are bounded, then A U B is bounded; further, a finite union of
bounded subsets of X is bounded.

23. Let A be a non-empty set of real numbers which is bounded above and let
a = supA. Prove that a € A.

24. Let A and B be closed, disjoint subsets of a metric space X. Show that there
are open, disjoint subsets U and V (of X) such that A C U and B C V. [Hint:
Urysohn’s lemma. ]

2.2 Complete Metric Spaces

An important property of real numbers is that every Cauchy sequence in R converges
to a point of R. We distinguish a class of metric spaces in which the same kind of
property holds. These spaces, the complete spaces, are of the utmost theoretical and
practical importance.

Definition 2.2.1 Let (X, d) be a metric space. A sequence (x,) in X is called a
Cauchy sequence if given any ¢ > 0, there exists N € N such that d(x,,, x,) < €
whenever m, n > N; equivalently, diam{x,, : m > n} — 0 as n — oo. Loosely,
these conditions may be written d(x;,, x,) — 0 as m, n — oo. The space X is said
to be complete if given any Cauchy sequence (x,) in X , there exists x € X such that
Xp — X asn — o0.
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Example 2.2.2

@
(i)

(iii)

(iv)

v)

R, with the usual metric, is complete: this was our prototype.

R", with the usual (Euclidean) metric d5, is complete. To prove this, let (x™)

be a Cauchy sequence in R”, with x = (x(m) v, XUy For each j e

{I,....n},
‘x]?’”) _x]@‘ 5( ‘ (m) _ ) ) = d ™, xPy S 0
k=

as m,p — oo; that is, (x;m))meN is a Cauchy sequence in R and hence con-
verges, to x; € R, say. Put x = (x,...,x,) € R". Then dr(x™ x) =

o N 1/2
(Z X" —xk’ ) — 0asm — oo : R" is complete.

Q, the set of all rationals, with the usual metric inherited from R, is not complete:
((1 + }l)”)neN is a Cauchy sequence in Q which does not converge to an
element of Q.

The open interval (0, 2), with the usual metric inherited from R, is not complete:
(Vlt)neN is a Cauchy sequence in (0, 2) which fails to converge to an element of

0,2).

IEet I)z [0, 1], take X = C(I) (the set of all continuous, real-valued functions
on /) and define a metric d on C(J) by

1
df,g = /0 If (&) — g(®)| dt.

Then (C(I), d) is not complete. To establish this, consider the sequence (f;,),>2,
where

0, if 0 Sts%l,
) = qnt=3). ify<t<34g,
L, if T +1l<r<1
Since d(fn. fm) = %|m_l_"_1| — O asmn — o0, (f) is a Cauchy

sequence. Suppose that there is a function f € C(I) such that d(f,,f) — 0
1) —fOlde < d(fyf) — 0asn — oo; thus

[f (1)l dt = 0, and hence f(r) = 0 for all t € [0, 3]. Now lete € (0, 5).
Smce

as n — oo. Then f
1/2

/ fn(@®) —f@O|dt <d(f,f,) > 0asn — oo,

1
§+8

and for all large enough n, f,(t) = 1 on [% + ¢, 1], we see that
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(vi)

1
/ If () = 11dr =0,
%+s

sothatf(r) = 1forall7 € [§ + &, 1]. As this holds for all e € (0, 3), it follows
that f(r) = 1 forall ¢ € (% l], which implies that f is discontinuous at t = %
This contradiction shows that (C(I), d) is not complete.

Letp € [1, 00), let

o
Ly = [x = (xj)ieN : x; € Rforalli € N, Z |xi|? < oo] ,
1

00 1/p
dy(x,y) = (Z i — i |f’) :

1

and let

where x = (x;), y = (i) € £p. Then ({p, dp) is complete. To prove this, let
(*")neN be a Cauchy sequence in £, where x" = (x!'), . For each i € N,

|xf” — xﬂ < d,(x", x")

and hence (x?)neN is a Cauchy sequence in R. Using the completeness of R,
let x; = limnﬁooxl’.’ and put x = (x;)ieN. It remains to show that x € £, and
that x" — x in £,.
Let ¢ > 0. There exists N € N such that d,(x™, x") < ¢ if m, n > N. Thus for
each k € N,

Z |x’~" —x”|p < elifm,n>N;

1 1

thus (letting m — 00),

k
xi—x"P <ePifn>N. (2.2.1)
1

i=1

Use of (2.2.1) in conjunction with Minkowski’s inequality shows that, for each
k € N,
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() (Ehr) (1)

i=1
00 » 1/p
§8+(Z va‘ ) .

i=1

Hence x € £,. Further use of (2.2.1) shows that

o] 1/p
d[,(x",x) = (Z ‘xi — xﬂp) <e.
i=1

Hence x* — x.

To make the interval (0, 2) of Example 2.2.2 (iv) above into a complete space all
we have to do is to adjoin the two points 0 and 2; the space Q of Example 2.2.2 (iii)
may be ‘completed’ by adjoining all irrationals. These two examples illustrate the
general principle, examined later, that any incomplete space may be enlarged so as
to make it into a complete space.

The following result gives a useful characterisation of complete spaces; it uses
the so-called Cantor intersection property: a metric space (X, d) is said to have this
property if whenever (A,) is a sequence of non-empty, closed, bounded subsets of
X such that A,y C A, for all n € N and lim,,_, o, diam A,, = 0, then ﬂ;’i 1 Ap has
exactly one point.

Theorem 2.2.3 (Cantor’s characterisation of completeness) A metric space (X, d)
is complete if, and only if, X has the Cantor intersection property.

Proof First suppose that X is complete, and let (A,) be a sequence of non-
empty, closed bounded subsets of X such that A,y C A, for all n € N and
lim,_, o diam A, = 0; let (x,) be a sequence such that for all n € N, x,, € A,.
If m > n, then x,, € A, and diam{x,, : m > n} < diamA, — 0asn — o0.
Hence (x;) is a Cauchy sequence and x := lim, o X, € A = Ay forall k € N;

o0
sox € (Ag. Ify € ﬂfoAk, then d(x, y) < diamA, — 0asn — oo; hence y = x.
1

It follows that (7 A, = {x}.
Conversely, suppose that X has the Cantor intersection property and let (x,) be
a Cauchy sequence in X. Let A, be the closure of {x,, : m >n} (n € N); then
Ap+1 C Ay and diam A, — 0 asn — oo. Thus there exists a unique x € X such that
o0

x € (\Ap; and d(x, x,,,) < diamA,, — 0 as m — oo, that is, x,, — x. Hence X is
1
complete. O

Augmenting the complete metric spaces already described, we now introduce
further examples each of which provides a suitable context for specific problems.



2.2 Complete Metric Spaces 97

Definition 2.2.4 Let S be a non-empty set and let Z(S) be the family of all bounded,
real-valued functions on S. The uniform metric d, on Z(S) is given by

doo(f, 8) = sup{lf(s) —g(s) : s € S} (f, g € AB()).

If S is a metric space, €(S) stands for the family of all continuous, bounded, real-
valued functions on S; the restriction of doo to €'(S) is again denoted by du.

Note that deo (fy, f) — 01if, and only if, (f;;) converges to f uniformly on S.

The arguments needed for the proofs of the next two theorems are essentially
those given in Sect. 1.7, but we give the details for the convenience of the reader.

Theorem 2.2.5 The metric space (B(S), dso) is complete.

Proof Let (f,) be a Cauchy sequence in Z(S). Then given any & > 0, there exists
N € Nsuchthat do (fyy, fin) < €ifm,n > N;and soforeachs € S, |f,(s) — fin(s)| <
¢ if m,n > N. Thus for each s € S, (f,(s)) is a Cauchy sequence in R and hence
converges, to f(s), say. We thus have amap f : S — R, where f(s) = lim,— o0 fn (5)
for all s € S. To complete the proof we must show that f € Z(S) and d(f,,f) — 0
as n — 00. As above, we see that for all s € S, |f,(s) —fin(s)| < eif m,n > N. Let
m — oo :thenforall s € S, |f,(s) —f(s)| < eifn > N. Since |f(s)| < |fn(s)| + &,
it follows that f € Z(S); also we have ds(f,f;) < € if n > N. Hence f, — f in
AB(S). (I

Theorem 2.2.6 Let (S, d) be a metric space. Then (% (S), dxo) is complete.

Proof Let (f;) be a Cauchy sequence in %(S). Then (f;,) is a Cauchy sequence in
A(S), and so by Theorem 2.2.5, there exists f € H(S) such that doo(f, f,) — 0 as
n — 00. Let ¢ > 0. Then there exists N € N such that foralln > N and all s € S,
Ifn(s) —f(s)| < &/3.Letsy € S. Since fy is continuous at sg, there exists § > 0 such
that |y (s) — fv(s0)| < /3 if d(s, s9o) < 8. Thus if d(s, s9) < &, then

[F(s) = f(so)| < [f(s) —fn ()| + v (s) —fv(so)| + [fv(so) — f(s0)| < e.
Hence f € %'(S), and the theorem follows. U
Corollary 2.2.7 Letl =[a,b] C R.ThenC() = € () and (C(I), dxo) is complete.

Proof That C(I) = € (I) follows immediately from the fact that every continuous
real-valued function on the closed, bounded interval [ is bounded. The rest is now
clear from Theorem 2.2.6. (I

We take up in the next section the question of under what conditions on a metric
space S can it be shown that C (S) = €(S).

Theorem 2.2.8 Leta,b € Rand a < b. Then (% [a, b, dx) is complete.
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Proof Let (f,) be a Cauchy sequence in Z [a, b]; it is also a Cauchy sequence in
A la, b] and so there is an f € A a, b] such that ds (f,f,) — 0 as n — oo.
Evidently (f;,) converges uniformly to f on [a, b]. By Theorem 1.7.12 it follows that
f €Za,b]. O

Theorem 2.2.9 Leta,b € R,a < b, letI = [a, b] and let C'(I) denote the family of
all continuously differentiable real-valued functions on 1. Let v : C(I) x C(I) - R
be defined by

v(f, g) = sup {[f(x) — g)| : x € I} + sup {|f'(x) — g’ )| : x € I}

(that is, v(f,8) = doo(f, 8) + doo(f', g)). Then (C'(I),v) is a complete metric
space.

Proof Routine arguments show that v is a metric on C' (). To prove completeness,
let (f,,) be a Cauchy sequence in C (). Then (f) and (f,)) are Cauchy sequences in the
complete space (C(I), dx,), and so there exist f, g € C(I) such that doo (f,, f) — O
and doo (f;, g) — 0 as n — oo. The result is immediate if we can prove that /' = g.
However, by Theorem 1.4.4,

Fo) — fola) = /fn’ (xelneN)y;

and since |fax(f,; — g)| <(@x- a)doo(f,;, g) — 0asn — oo, we have that

X

FO) = fl@ = lim (h) —fu@) = lim / fo= / glreD.

a

Thus by Theorem 1.4.9, f is differentiable and f - 8- ]

Corollary 2.2.10 Let (f,) be a sequence in C L) (I = [a, b]) such that (fy) con-
verges uniformly on I and for some xo € I, (fy(x0)) is convergent. Then there exists
f € C'(I) such that (f,) converges uniformly on I to f and

f'(x) = lim f(x) (x € ).
n— 00
Proof 1t is enough to show that (f;,) is a Cauchy sequence in (C(I), dx)), for then
(fn) will be a Cauchy sequence in (C (I, v) and the result will follow immediately

from Theorem 2.2.9. To do this, let ¢ > 0 and let N € N be such that

[im(x0) — fu(x0)| < &/2 and doo(f;, f;) < €/2(b — a) if m,n > N.

Since for all x € I we have, by Theorem 1.4.4,
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on () — o] < UnCx0) — fo(x0)] + / " — 1)

< [fin(x0) = fu(x0)| + (b — @)oo (fy, f) < &

if m, n > N. The result follows. U

Returning to the observations concerning the completion of an incomplete metric
space following Example 2.2.2, we see that Theorem 2.2.6 leads to the following
result.

Theorem 2.2.11 Let (S, d) be a metric space. Then there is a complete metric space
(S d) such that S is isometric to a dense subset S of S, that is, a subset Sy such that
S() =5

Proof Fix a € S and for every p € §, define f, : S — R by

Jp(x) =d(x,p) —d(x, a).

Use of the triangle inequality shows that, for all x, y € S,

o) — 0| < 2d(x,y). |f,()] < d(a.p).

Hence f,, € €'(S). Let So = {f,, : p € S}. Since, forall p, g € S,

doo(fp. fq) = sup ld(x,p) —d(x,q)| =d(p.q),

xeS§
the map p — f, : § — So C €(S) is an isometry of S onto Sp. Let S be the closure
of Sy in (%(S), ds) and d be the restriction of dy to S x S. Since S is closed in
(€(S), dxo), use of Lemma 2.1.24 shows that G , Zi) is complete. Let 30 denote the
closure of Sy in (§ , a As Sy = :i So is dense in (§ , a and § is isometric to it. [

Even though X is not unique in having the property of being complete and having
X isometric to a dense subset of X—it is only unique up to an isometry—we shall
refer to it as the completion of X.

Two of the most celebrated results associated with complete metric spaces are
the Contraction Mapping Theorem and the Baire Category Theorem. The rest of this
section is devoted to establishing these and illustrating their application.

2.2.1 The Contraction Mapping Theorem

This is one of the most useful, yet simple, theorems in mathematics.
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Definition 2.2.12 Let (X, d) be a metric space. A map f : X — X is called a
contraction if there is a number A € [0, 1) such that for all x, y € X,

d(f (). f() = Ad(x,y).
Theorem 2.2.13 (Banach’s contraction mapping theorem ) Let (X, d) be a complete

metric space and let f : X — X be a contraction. Then there is exactly one point
x € X such that f (x) = x; that is, f has exactly one fixed point.

Proof Asf isacontraction, there exists A € [0, 1) such thatd(f (x), f(y)) < Ad(x,y)
for all x, y € X. Let xo € X and define a sequence (x;,) by x, = f(x,—1) (n € N).
Then for each n € N,

d(Xpg1, %) = d(f (%), f (Xn—1)) < Ad (X, xp—1) < A"d(x1, X0).
If m > n,

d X, Xn) < dQony Xm—1) +dXm—1, Xm—2) + ... + dXug1, Xp)
< MmN d (g, X0)

A — A"
= %d(xl,xo).

It follows that (x,) is a Cauchy sequence in X and, as X is complete, there exists
x € X such that x, — x. Thus

dx,f(x)) < dx, xp41) +dXpt1, f (X)) < d(x, Xp41) + Ad (X, X)

— 0asn — o0.

Hence f(x) = x; that is, x is a fixed point of f.
If there exists y € X such that f(y) =y, then

dx,y) =d(f(0).f() = Ad(x,y);
andas A < 1,d(x,y) = 0. Hence x = y, and the proof is complete. [

Note the constructive nature of this proof: no matter what point x( of X is chosen,
the fixed point x of f is given by the formula

x = lim f*(xp).
n— oo
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In practical circumstances, approximations to the fixed point may be derived by
choosing a convenient point xo and determining f” (xg) for various values of 7.

Corollary 2.2.14 Let X be a complete metric space and let f : X — X be such that,
for some k € N, f* is a contraction. Then f has a unique fixed point.

Proof By Theorem 2.2.13, there is a unique x € X such that f*(x) = x. But

A x) = F(f*(x)) = f(x), and so f(x) is a fixed point of fk. Hence f(x) = x.
That f has a unique fixed point now follows since evidently any fixed point of f must
be a fixed point of f*, and so must coincide with x. (I

‘We can now give an application of the contraction mapping theorem to the theory of
ordinary differential equations.

Theorem 2.2.15 Let a,b € R, a < b, putl = [a,b], letf : I x R — R be
continuous and suppose there exists M > 0 such that forall x € [ and all y1,y, € R,

IF e, y1) —f (e, y2)l = Myt — yal.
Let ¢ € R. Then there is a unique function u € C'(I) such that

W' (x) =, ux)) (x e ), ua) = c. (2.2.2)
Proof First observe that if u € C(I), then t — f (¢, u(¢)): I — R is continuous,
for if + € I and (t,) is a sequence in I with t, — ¢, then (¢, u(t,)) — (¢, u(t))
in I x R and so f(¢,, u(t,)) — f(t, u(t)). Further, by the Fundamental Theorem of

Integral Calculus, there is a unique u € C (I such that (2.2.2) holds if, and only if,
the integral equation

ux) =c+ /f(t, u(t))dt (x € I) (2.2.3)
has a unique solution u € C(I). Defineamap T : C(I) — C(I) by
(Tu)(x) = ¢ +/f(t, u())dt (x € I, u e C(I)).

For each n € Ny, let P(n) be the proposition
|(T"u) (x) = (T"v)(x)| < (M |x — al)"doo (1, v) /!

forall u,v € C(I) and all x € I. (Here T is the identity map of C (/) to itself.)
Plainly P(0) is true; moreover, if P(n) holds for some n € Ny, then
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Ty — ()| = / [ @w@) — e )@} dr

<M /{(M It — al)'deo (u, v)/n!}dt

< M |x — a)" M doo (u, v)/(n + 1)!

for all u,v € C(I) and all x € I, and so P(n + 1) is true. Hence P(n) is true for all
n € N. It follows that

doo(T"u, T"v) < (M (b — a))"dso (u, v)/n!

for all u, v € C(I) and all n € N. Choose k € N so large that (M (b — a))k/k! < I:
then T is a contraction on the complete space (C(I), dwo). By Corollary 2.2.14, there
is a unique u € C(I) such that Tu = u; that is, such that

u(x) =c+ /xf(t, u(r))dt (x € ).

The result follows. (]

2.2.2 The Baire Category Theorem

Several formulations of this theorem exist. One of the most accessible is as follows.

Theorem 2.2.16 Let X be a complete metric space and let (O,) be a sequence of
dense open subsets of X. Then 072 | O, is dense in X; that is, 72 0, = X.

Proof Suppose that the conclusion is false. Let U := X\ N>2, 0, : U is open and

non-empty. Since &1 = X, U N 0 # . Hence there exists a non-empty open set
Uy such that o o
U cU cUNO;and diamU; < 1.

(U1 may be taken to be an open ball of suitable radius). Since Ez =X, UN0C, #0
and so there is a non-empty open set U, such that

Uy C U, CU NOyand diam U, < 271,
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Continuing in this way we see that there exists a sequence (U,,) of non-empty open
subsets of X such that, for all n € N,

U, C U, CU,1NO,and diamU, < n~".

(Here Uy := U.) Thus Cantor’s characterisation of completeness (Theorem 2.2.3)
shows that for some x € X, .

Since U; C U and, for all n € N, U,, C 0,, it follows that x € U N (NS, 0n), a
contradiction. O

o _
Taking complements, and recalling that “(A) = A whenever A C X, we imme-
diately obtain the equivalent result:

Theorem 2.2.17 Let X be a complete metric space and let (F,) be a sequence of
closed subsets of X, each with empty interior. Then U2 | Fy, has empty interior.

Breaking the theoretical development for a moment, we use this last result to give
a striking demonstration of the existence of a continuous nowhere-differentiable
function.

Theorem 2.2.18 Let I be the closed interval [0, 1]. Then there exists an element of
C(I) which is not differentiable at any point of I.

Proof For each n € N put

h) —
M, = {f € C([0,2]) : forsomexg € I, sup I/ xo + ZL S (x0)| Sn].
O<h<l

We claim that each M, is closed in C([0, 2]). To prove this, let f € M,, and let (fr)
be a sequence in M,, that converges to f. For each k € N, there exists x; € [ with

ik + h) — fi()| < nhif 0 < h < 1.

As the bounded sequence (x;) contains a convergent subsequence, we may and shall
assume, without loss of generality, that x; — xo € I. For all k € N,

[f(xo +h) — fxo)| < [f(xo +h) —fOx + )]+ [f Gk + h) — fiuex + B)|
+ [fe Gk + 1) — fie | + i () — f Ge) |

+ [f ) — f (xo)l s

and using the fact that |fi (xx + h) — fi (xx)| < nh we see, on letting k — oo, that



104 2 Metric Spaces
If o + 1) — F(x0)| < nhif0 < h < 1.

It follows that f € M, and our claim is justified.

Next we claim that each M,, has empty interior. For let g be a piecewise-linear
continuous function on [0, 2], so that the graph of g consists of a finite number of
straight-line segments; let M be the maximum absolute value of the gradients of these
segments. Given ¢ > 0, choose m € N so that me > n + M, define ¢ : R — I by

¢(x) =min{x — [x],[x]+1—x}, x€R

(here [x] denotes the integer part of x; ¢ (x) is simply the distance of x from the
nearest integer), and put

Fx) =gx)+ep(mx), x el.
Thenifx el and0 < h < 1,

|F(x+h) = Fx)| = [g(x +h) — g) + e{@(m(x + h)) — ¢ (mx)}|
> emh — [g(x +h) — g(x)|

> emh — Mh > nh.

Hence F € C([0, 2])\M,,. Moreover, d (g, F') = . Assuming for the moment that
the set of all piecewise-linear continuous functions is dense in C ([0, 2]), our analysis
shows that any f € C([0, 2]) may be approximated arbitrarily closely in C([0, 2])
by an element of C([0, 2])\M,,, so that the interior of M,, must be empty, as claimed.
Since C([0, 2]) is complete, it follows from Theorem 2.2.17 that C ([0, 2])\ Uf,i] M,
is non-empty; and as every function in C([0, 2]) that is differentiable at some point
of I must lie in some M,,, the theorem follows.

All that remains is to establish the density of the piecewise-linear continuous
functions in C([0, 2]). Let f € C([0, 2]) and let ¢ > 0. Since f is uniformly con-
tinuous on [0, 2], there is a partition P = {0, 2/m, 4/m, ..., 2} of [0, 2] such that
forj =1,...,m we have osc(f, [(2j — 1)/m, 2j/m]) < e (see Exercise 1.1.10 /2).
Define ¢ on [0, 2] by

m 2 — 1) , 2j .
v =7 H(x E— )f(2j/m) + (— —X)f(Z(z - 1)/m)]

m

if 2G—1)/m<x<2j/m,j=1,...,m,
so that v is piecewise linear and coincides with f at the points of the partition.
Evidently doo (f, ) < &, and the density follows. (I

Alternative formulations of the Baire theorem demand a little preparation.
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Definition 2.2.19 Let A and B be subsets of a metric space X. Then A is said to be
dense in B if B C A; it is everywhere dense (or simply dense) if it is dense in X
and it is nowhere dense (or rare) if it is not dense in any non-empty open subset of
X, or equivalently, if its closure contains no interior points.

Remark 2.2.20

(i) Plainly, a subset of a nowhere dense set is nowhere dense; also, the closure of
a nowhere dense set is itself nowhere dense.
(i1) A closed setis nowhere dense if, and only if, it coincides with its own boundary.

- o o
Thatis,if A C X and A = A, then A = ¢ if, and only if, A = A\A = A.
(ii1) To say that a set is everywhere dense is not the antithesis of saying that it is
nowhere dense.

Example 2.2.21

1. Letx € X. Then {x} is nowhere dense if, and only if, x is not an isolated point of
X : an isolated point y is one having a neighbourhood containing no point of X
o

except y. Note that {x} is closed. Thus {x}= 9 if, and only if, every neighbourhood
U of x is such that U N° {x} # @; and this is so if, and only if, x is not an isolated
point of X.

2. The boundary of an open (or closed) set in X is always nowhere dense. For let U
be an open set in X and let V be an open setin X suchthat V c U = UN‘U =
U N °U. Then °V is closed and contains U, so that °V > U D V, which is
possible only if V = . Note that the boundary of an arbitrary set A in X need
not be nowhere dense: for example, A and “A might both be dense, in which case
0A =X.

Lemma 2.2.22 Let A be a subset of a metric space X. The following three statements
are equivalent:

(1) A is nowhere dense in X.
(i1) “A contains an everywhere dense open subset of X.

(iii)) Each non-empty open set U in X contains a non-empty open set V such that
VNA=10.

o - o
Proof (1)=(ii) Suppose A = (. Then ¢(A) = “(A) = X and so the open set €(A),
which is contained in A, is everywhere dense.
(ii)=(iii) Let & be a dense open subset of X contained in “A and let U be a non-
empty open subset of X. Note that U N & # ) : otherwise, & is contained in the
closed set ‘U, so that X = & C U which implies that U = . Let V. = U N 0.
Then V is non-empty and open, V C U and VNA = ¢, since V C & C “A.

o
(iii)=> (i) To obtain a contradiction, suppose U := A # . Then there is a non-empty
open set V c Usuchthat ANV = @. Since “V is closed and AC ¢V, it follows that
UCACWandso@d=UNV =V #{, acontradiction. O
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Lemma 2.2.23 Let X be a metric space.

(1) IfU and V are each dense open subsets of X, then U NV is a dense open subset
of X.

(ii) If A and B are each nowhere dense subsets of X, then A U B is nowhere dense.
Proof (i) To obtain a contradiction, suppose U NV # X. Then G :=° (U N V) is
open and non-empty. Since U = X, GNU is open and non-empty: otherwise, ‘G D> U
and, since °G is closed, °G D U = X, implying that G = ¢J. Since V = X, similar
reasoning shows that G N U NV is open and non-empty. But this contradicts the fact
that UNV C °G. Hence U NV is dense in X.

(ii) Since A and B are nowhere dense, each of the sets °(A), ¢(B) is open and dense
in X. Thus, using (i), it follows that (A) N¢(B) = ‘(A U B) = ‘(A U B) is dense in

X. Since
0 -
C(AUB) =¢AUB) =X,

the set A U B is nowhere dense. O

Note that (i) and (ii) can obviously be extended to arbitrary finite intersections
and finite unions.

Taken together, Theorems 2.2.16 and 2.2.17 extend the last Lemma to countably
infinite families of sets. But the extension comes at a price. Recall that a countable
intersection of open sets need not be open, and a countable union of closed sets need
not be closed. The theorems demand a stronger hypothesis, namely the completeness
of X, and support a weaker conclusion than that of the Lemma. To illustrate by
example, let X = Rand A,, = {x,}, where the sequence (x;,),cN is an enumeration of
the rationals. Then Q = U2 | A, is a countably infinite union of nowhere dense sets
and its interior is empty. However, it is not nowhere dense; indeed, it is everywhere
dense.

Definition 2.2.24 A subset A of a metric space X is said to be of first category (or
meagre) in X if it can be represented as a countable union of nowhere dense subsets
of X. Otherwise, it is said to be of second category (or nonmeagre) in X. A set
B C X is said to be residual in X if “B is of first category in X.

To give an example of a set of first category arising naturally in a non-trivial
context, we establish the following result.

Theorem 2.2.25 Let X be a metric space, let (fy) be a sequence of continuous real-
valued functions on X which is pointwise convergent, and let the functionf : X — R
be defined by

fx) = nlggo Sa@) (x € X).

Then
2 := {x € X : f is not continuous at x}

is of first category in X.
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Proof Let w be the oscillation function of f (see Definition 2.1.31). The identity
2 =U2xeX wkx) > n 1

exhibits Z as a countable union of closed sets each of which will be shown to be of
first category (in X). Plainly, a countable union of sets of first category is itself of
first category. Thus Z is of first category (in X).
Let e > 0 and let
F={xeX: wkx) >e¢&}

It is enough to establish that F is of first category. To do this, for n € N let
Ey = Nijeplx € X : [fi(x) — ()] < &/8}:
each E, is closed, E, C E,11 and X = U>?2 | E,,. Evidently
F=UX | (FNEy),
_°
and the matter of category is settled provided that, for each n, F N E,, = (. To obtain

a contradiction, suppose that for some n, F' N E, is not nowhere dense. Then there
exists an open set U such that

U#0,UCFNE,=FNEy,;
moreover, for each x € U,
i) — )| < /8ifi,j > n.
Setting i = n and letting j — o0, it follows that
() —f0)| = &/8 (x € U).

Lety € U. Since f, is continuous at y, there is a neighbourhood Uy of y such that
Uy C U and
() =] < €/8 (x € Uy).

It follows that
If () —fnO)| < /4 (x € Uy);

that
[f(x) —f(&N] < /2 (x,x" € Uy);

and that
w@) <e&/2.



108 2 Metric Spaces

But the last inequality, valid for all y € U, implies that U N F = {J, a conclusion
incompatible with U # @, U C F. Thus, for all n € N, F N E,, is nowhere dense, as
required. g

Paraphrasing, Theorem 2.2.25 shows that, for an arbitrary metric space X, the
set & of points of discontinuity of a function f generated as a pointwise limit of a
sequence of continuous real-valued functions is of first category. Naturally, isolation
of those metric spaces in which more can be said about & is of interest. If as an ideal
one might wish to have ¥ = ¢, 7 = X, then as a step towards this, generally, for

o

complete metric spaces it turns out that & = ¢, €% = X. This is a consequence of
the following theorem.

Theorem 2.2.26 Let X be a metric space. If X has one of the following properties,
then it has all of them.

(1) Every countable intersection of dense open subsets of X is dense in X.
(i1) The complement of every set of first category in X is dense in X.
(iii) Every set of first category in X has empty interior in X.
(iv) Every non-empty open set in X is of second category in X.

A metric space with one, and hence all, of the above properties is said to be a Baire
space.

o
Proof (i) = (ii) LetA be aset of first category in X : A = U>° | H,,, where H, =1
(neN).LetB = Ui‘il]?,,. Then B is of first category in X and A C B. Now

‘B=np2, “(H,) and ¢(H,) = ¢ (F) =X (neN).

Hence, given that (i) holds and that “B C “A, it follows that X = ‘B CCACXand

that A is dense in X. L

(i) = (iii) Let A be of first category in X. Using (ii) we see that ‘A = X. Thus ¥ =
- o

(cA) = A.

(iii) = (iv) To obtain a contradiction, suppose that U is a non-empty open subset

o

of X which is of first category in X. Then, since (iii) holds, ¥ = U = U.

(iv) = (i) Let (&,) be a sequence of dense open subsets of X and let £ = ﬂ;’f: 1On.

Then ‘E = U2 | 0, and

o) o

<O, =Op= “(0,) =0 (n€N).

o

Hence “E is of first category in X and consequently so is °E. Since (iv) holds, it
o

follows that @ =°E and X = E. O
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In view of the above result it is obvious that our first version of Baire’s theorem
may now be recast in a final one as follows.

Theorem 2.2.27 Every complete metric space is a Baire space.

The reader should note that there exist incomplete metric spaces which are Baire
spaces (see [2], Sect. 5, Exercise 14).

‘We conclude this section with the observation that, in the context of complete met-
ric spaces, Baire’s theorem immediately permits the following strengthened version
of Theorem 2.2.25.

Theorem 2.2.28 Let X be a complete metric space and let f : X — R be the
pointwise limit of a sequence of continuous real-valued functions on X. Then the set
of points of continuity of f is residual and dense in X.

Exercise 2.2.29

1. Let (X1, d1) and (X3, d2) be complete metric spaces, let X = X x X and define
d:XxX— Rby

2 2 1/2
dey) = {di ey + e 6= @)y = 012 € X).

Prove that (X, d) is complete.

2. Let (X, d) be a metric space and let F' be a non-empty subset of X. Prove that
(1) if (X, d) is complete and F is closed relative to (X, d), then (F, d) is complete;
(ii) if (F, d) is complete, then F is closed relative to (X, d).

[By convention, (F, d) stands in place of (F, d |rxF).]

3. Letl =1[0, 1] and define T : C(I) — C(I) by

TN = x + / (x— 0f (Odi (x € If € C(1)).
0

Show that 7T is a contraction on C(/) (assumed to be endowed with the uniform
metric) and deduce that the only element f of C (/) such that

fx) =x+/(x—t)f(t)dt xel
0

is the restriction to [0, 1] of the hyperbolic sine function.
4. Use the contraction mapping theorem to show that foreach k € (0, 1) the equation

fe) =1+ / F@dr (0 < x <k)
0
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has exactly one solution f € C([0, k]). Hence show that this result is also true
when k = 1.
5. (i) Give an example of a contraction mapping of an incomplete metric space
into itself which has no fixed point.
(i) Give an example of a mapping 7T of a complete metric space (X, d) into
itself with the property

d(Tx,Ty) <d(x,y) forallx,y € X, x #y,

but which has no fixed point.
(iii) Give an example of a mapping T of a complete metric space into itself such
that 7™ is a contraction mapping for some m € N, but 7 is not a contraction.
6. LetX ={x € R:0 < x < 1} and let d| and d> be metrics on X defined by

1 1
di(x,y) =|x—y|,d(x,y) = ‘)—C—;‘ (x,y e X).

Prove that the two metric spaces (X, d1) and (X, d») have the same convergent
sequences, but that (X, d») is complete while (X, d1) is not complete.
7. Let S be the set of all real sequences x = (x,,) andletd : S x § — R be defined by

e¢]

d(x,y) =
23

% — Ynl
(x = (), y= () €9)
L+ b = yal] ! !
Prove that (S, d) is a complete metric space.
8. Let (X, d) be a metric space.

(i) Show that if (x,) and (y,) are Cauchy sequences in X, then (d(x,, y,)) is a
Cauchy sequence in R and is therefore convergent.
(i) Let 2 be the set of all Cauchy sequences in X. Call elements (x,), (y,) of
Z equivalent, and write (x,) ~ (y,), if lim,_ o d(x;, y,) = 0. Show that
~ is an equivalence relation on 2.
(iii) Let (xn), (x},), (v») and (y,,) € £ and suppose that (x,) ~ (x,) and (y,) ~
(¢,,). Show that
lim d(x,,y,) = lim d(x,y,).
n— oo n—o0

(iv) For (x,) € Z,let[(x,)] denote the equivalence class of which itis a member:

()] = {On) € 2 (n) ~ ()}

Let X be the set of all equivalence classes and define d:XxX—>R by

A (@) (o] = lim_ dn. yn)-
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Show that d is a metric on X (it is well-defined by virtue of (iii)),

(v) For each x € X, let ¢(x) = [(x,)], where x, = x for all n € N. Let
Xo = {¢(x) : x € X}. Show that, if Xy is equipped with the metric inherited
from X, then x > ¢(x) : X — X is an isometry.

(vi) Prove that Xy is dense in (}A(, ZZ), ie,Xo=X.

(vii) Prove that (5(\ , a is a complete metric space.

2.3 Compactness

We focus here on those metric spaces X with the following property: if a map f :
X — R is continuous then it is bounded, that is, its range, f (X), is bounded. Spaces
with this property are precisely those for which the sets C(X) and % (X) coincide,
a coincidence already noted in the case of each non-degenerate, closed, bounded
interval in R. In seeking to ensure the property three main strategies have emerged.
These we now examine in turn.

Strategy I Let f : X — R be continuous. Then each x € X has a neighbourhood U,
such that, for all u € Uy,
F| < 1+ [f(x)].

Evidently X = UXGX U,. Hence if a finite set {x|, xp, ..., x;;} C X exists such that
X = UZQ:I U,,, then f(X) is bounded, since for all u € X,

Fl <1+ max [f(x)l.

This observation motivates the next definition and establishes the theorem that
follows.

Definition 2.3.1 A metric space X is said to be compact if every family % of open
subsets of X such that X = U% contains a finite subfamily 7" such that X = U7".

Theorem 2.3.2 [fX is a compact metric space, then every continuous map f : X —
R is bounded.

By way of illustration, leta, b € Randa < b. We claim that, viewed as a subspace
of R, the interval [a, b] is compact. For if this were not so, then there would be a
family % of open subsets of [a, b], with union [a, b], such that no finite collection
of sets in %/ has union [a, b]. Bisect [a, b] : then at least one of the sub-intervals
[a, %(a + b)], [%(a + b), b] is not contained in the union of any finite collection of
members of 7/. Repetition of this process gives a sequence of nested, closed sub-
intervals of [a, b], (I,) say, with the length of I,, equal to 27"(b — a). By Cantor’s
intersection theorem (Theorem 2.2.3) these intervals I,, have intersection consisting
of a single-point setin [a, b], {x} say. Obviously, there exists U € % suchthatx € U,
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since U is open, I, C U for all large enough n. This contradicts the fact that no 7, is
contained in the union of a finite number of members of %, and our claim is justified.

Strategy II Suppose that X does not have the required property and that f : X — R
is a continuous but unbounded map. Then, for each n € N, there exists x;,, € X such
that |f(x,)| > n. The sequence (x,) does not have a convergent subsequence. To
see this, suppose that (x;) has a subsequence (x,,,(,)) wWhich converges to an element
x € X. Since f is continuous at x,

lf(xm(n))| = [fl;

however, for all n € N, lf(xm(n))| > m(n) > n, and so Lf(xm(,,))| — 00.

We have shown that any metric space X without the required property has a
sequence with no convergent subsequence. Put equivalently, if each sequence in X
has a convergent subsequence, then each continuous, real-valued function on X is
bounded. These matters are summarised below.

Definition 2.3.3 A metric space X is said to be sequentially compact if each
sequence in X has a subsequence which converges to a point of X.

Theorem 2.3.4 If X is a sequentially compact metric space, then every continuous
map f : X — R is bounded.

That each closed, bounded interval in R is sequentially compact is immediate
from the Bolzano-Weierstrass theorem.

We preface the final strategy with a definition.

Definition 2.3.5 A metric space X is said to be totally bounded if to each ¢ > 0
there corresponds a finite family .# of subsets of X such that X = U.% and, for each
Fe % diamF < e.

Plainly, the interval [0, 1], inheriting the usual metric from R, is totally bounded.
Indeed, every bounded subspace of R is totally bounded.

Strategy III Let X be complete and totally bounded. To obtain a contradiction,
suppose that it carries a continuous but unbounded map f : X — R. Since X is
totally bounded it is a union of finitely many closed sets each with diameter < 1.
(Observe that, if A C X, then diamA = diamZ.) The restriction of f to one of
these, X say, is unbounded. A further appeal to the total boundedness of X shows
that it, and therefore X1, is a union of finitely many sets each of which is closed in X
and of diameter < 1/2. The restriction of f to one of these subsets of X1, X» say, is
unbounded. Proceeding in this way, the result is a sequence (Xj,) of sets closed in X
such that, for alln € N, (i) X,+1 C X,, (il) diam X,, < 1/n, (iii) f (X,,) is unbounded.
By the Cantor intersection theorem, there exists x € X such that {x} = N°°, X,. Since
f is continuous at x, there is a neighbourhood U, of x on which f is bounded. But,
for sufficiently large n, X;, C U, and therefore f(X,,) is bounded. This contradicts
(iii), and we have proved the following theorem.
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Theorem 2.3.6 If X is a complete and totally bounded metric space, then every
continuous map f : X — R is bounded.

Conditions sufficient to ensure our property of interest are offered by each of
Theorems 2.3.2, 2.3.4 and 2.3.6. Remarkably, they are also necessary conditions
and hence equivalent. The position is formalised in our next result, the definition
preceding which concerns terminology useful in its proof.

Definition 2.3.7 Let S be a subset of a set X and let .% be a family of subsets of X
such that S € U.%#. Then .7 is called a covering of S : if .# has only a finite number
of members then it is called a finite covering of S. If X is a metric space and the
members of .% are open sets, .% is called an open covering of S.

Theorem 2.3.8 Let X be a metric space. The following are equivalent statements:

(a) X is compact.

(b) C(X) = € (X), i.e. each continuous map f : X — R is bounded.

(¢) X has the Bolzano-Weierstrass property : every infinite subset of X has a limit
point in X.

(d) X is sequentially compact.

(e) X is complete and totally bounded.

Proof (a)==(b): this has already been established in Theorem 2.3.2.

(b)==(c): let (b) hold and suppose that X has an infinite subset with no limit point
in X. Then there is a sequence (x,) of distinct points of X such that S := {x, : n € N}
also has no limit point in X (the countable axiom of choice A.5.2 is used here). Thus,
for each n € N, there exists r, € (0, 1/n) such that B(x,, r,) NS = {x,}. Letting d
denote the metric on X, for each n € N define f;, : X — R by

fn(x) = max {n (1 — 2r,:1d(x,xn)) ,O} .

Evidently, each f;, is continuous.

Now, each element of X has a neighbourhood of itself restricted to which all save
finitely many f;, are identically zero. To see this, let x € X and let p > 0 be such
that B(x, p) NS C {x}. Further, let N € N be such that N > ,o’1 and, foralln > N,
Xxn # x. Then

B(x, p/2) 0 | BCi, ra/2) = 0
n=N

for otherwise an n > N would exist such that
p=dx,x,) <(p+m)/2<(+1/n)/2<p,

which is impossible. Hence, for alln > N and all y € B(x, p/2), fu(y) = 0.
Define f : X — R by
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o0
[ = fulo.
n=1

The existence for each x € X of an N and a p, both depending on x, such that

N
fO)=D_£H0) & eBx. p/2),
n=1

shows that f is continuous: the fact that, for each n € N, f(x,) = n, shows that it is
unbounded. Such an f is incompatible with (b) and so X has the Bolzano-Weierstrass
property.

(c)==(d): Suppose that (c) holds and let (x,) be a sequence in X. If there is a
point x € X such that x, = x for infinitely many values of n, then evidently there is
a subsequence of (x,) which is constant (has all its terms equal to x) and converges
to x. If no such x exists then S := {x,, : n € N} is infinite and has a limit point y € X.
We now choose m(1) to be the least positive integer n such that 0 < d(y, x,,) < 1,
and define inductively a subsequence (xm(n)) of (x,) which converges to y. Suppose
that m(1) < m(2) < ... < m(n) have been chosen so that 0 < d(y, x(j) < 1/j for
j=1,2,...,n Choose m(n + 1) to be the least integer exceeding m(n) such that
0 < d(y, Xm@u+1y) < 1/(n 4+ 1). This establishes (d).

(d)==(e): Suppose that (d) holds, let ¢ > 0 and select x; € X. Suppose that
X1, ..., X, have been chosen in X so that d(x;, x;) > /3 if i # j. If possible, choose
Xn+1 € X such that d(x;, x,4+1) > ¢/3 for all i, | < i < n. This process must stop
after a finite number of steps because of our assumption that (d) holds. It follows
that X = Ujvzl B(xj, ¢/3) for some N € N. Since B(x;, £/3) has diameter < ¢, X is
totally bounded.

To prove X complete, let (x,,) be a Cauchy sequence in X. By (d), there is a
subsequence (xi(,)) of (x,) which converges to a pointin X. Suppose lim,_, o0 Xk(n) =
x andletn > 0. There exists N € N such that d(x;,, x,) < n/2and d(x, xrpu)) < n/2
if m,n > N. Thus, foralln > N,

d(x, x,) < d(x, Xkm)) +drmy, Xn) < 03

hence lim;,—, s X, = x; X is complete; and (e) holds.

(e)==(a): Let % be an open covering of X and suppose that no finite subfamily
of % is a covering of X. By (e), X is a union of finitely many closed sets each with
diameter < 1. One of these, say X1, cannot be covered by finitely many members of
7% . Repeat this argument with X in place of X and continue indefinitely: there is a
sequence (X,) of closed sets such that, foralln € N, (i) X,,+1 C X, (ii) diam (X;,) <
1/n, (iii) X, is not covered by a finite subfamily of %/. By the Cantor intersection
theorem there is a point x € X such that {x} = N2, X,. Hence x € U for some
U € 7% . By (ii), X;, C U for all large enough n and this contradicts (iii). Hence X is
compact and the proof of the theorem is complete. [
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Corollary 2.3.9 If X is compact then C(X), equipped with the uniform metric

doo(f, g) = sup |[f (x) — g(¥)|,

xeX
is complete.
Proof The result is immediate from Theorems 2.2.6 and 2.3.8. ]

A standard method generates new compact spaces from old. Proceeding through
a reformulation of total boundedness we show that a finite Cartesian product of
compact spaces equipped with the standard metric is compact.

Lemma 2.3.10 Ler (X, d) be a metric space. The following three statements are
equivalent.

(a) X is totally bounded.
(b) Given any ¢ > 0, there exists a finite set F C X such that, for each x € X,

dix,F):=inf{dx,f) :f € F} < &.

(c) Given any & > 0, there exists a finite set F C X such that X C |J rerB(f, €).

Proof Suppose that (a) holds, that ¢ > 0 and that x € X. There exist finitely many
non-empty sets A1, As, ..., Ar C X, whose union covers X, and each of which has
diameter less than ¢. Select a; € Aj for 1 < j < k; put F = {ay, az, ..., a;}. Then,
for some j, x € Aj and d(x, aj) < €. Hence d(x, F) < ¢ and (b) holds.

Next, suppose that (b) holds and that ¢ > 0. Let F be a finite set in X such that,
for each x € X, d(x, F) < e. Plainly X = UrcpB(f, ¢), since, for each x € X there
isanf € F withd(x, f) < €. Thus (b) implies (c).

Finally, suppose that (c) holds and that ¢ > 0. Evidently X = UrerB(f, &/3) for
some finite set ' C X, and so X is covered by finitely many sets each with diameter
< &. Hence (a) holds. O

Corollary 2.3.11 If X is totally bounded, then it is bounded.

Proof Let X be totally bounded. There exists a finite set /' C X such that for all
xe€X,d(x,F) < 1.Hence diamX < 2 + diam F. O

Theorem 2.3.12 Let (X1,d1), ..., (Xu, d,) be compact metric spaces. Let X =
HZ:1X1< and let d be defined for all x = (x1,...,%,),y = (V1,...,Yn) € X by

n 172
d(x,y) = {Zdi(xk,yk)] :
k=1

Then (X, d) is a compact metric space.
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Proof The obvious extension of Exercise 2.2.29 /1 shows that (X, d) is complete. It
remains to prove that it is totally bounded.

Let ¢ > 0. Use of Lemma 2.3.10 shows that for each k € {1, ..., n}, there is a
finite set Fy C X such that, forall u € Xy, dy(u, F) < e//n.LetF =[[;_, Fx: F
is finite. Let x = (x1,...,x,) € X. For each k, there exists fy € Fy such that
di (o fr) < e//n.Letf = (fi,....fy) : f € Fand d(x,f) < e. Hence (X, d) is
totally bounded. 0

Metric spaces are often encountered as subspaces of others. Language for the
situation in which the embedded space is compact is introduced in the next definition.
The two lemmas which follow it describe attributes of a compact subspace relative
to its host.

Definition 2.3.13 A subset of a metric space X is said to be a compact set in X
if either it is empty or it is compact as a subspace of X. The obvious substitutions
respectively define (a) a sequentially compact set in X, (b) a totally bounded set
in X.

Lemma 2.3.14 Let E be a subset of a metric space X. Then E is a compact set in X
if, and only if, every covering of E by sets open in X contains a finite covering of E.

Proof If E = (J the result is obvious.

Let E be anon-empty compact setin X and let % be a covering of E by sets open in
X.The family ZZ ={E N U : U € % }is acovering of E by sets open in the subspace E
and, therefore, there existsets Uy, ..., U, € % suchthat E = Uj’.’:]EﬂUj C U}’zl U;.
Thus % contains a finite covering of E.

Conversely, let E be non-empty and let ¥ be a covering of E by sets open in the
subspace E. Then there exists a covering % of E, whose elements are open in the

metric space X, suchthat ¥ = {ENU : U € % }. Since there are sets Uy, ..., U, €
% such that E C U]'.':] Uj, 7 contains a finite covering of E. Hence E is a compact
setin X. ]

Lemma 2.3.15 Let X be a metric space.

(1) IfE is a compact setin X then it is closed and bounded in X.
(11) If X is a compact space and E is a closed set in X, then E is a compact set in X.

Proof (i) If E = ¢ then the matter is clear.

Suppose E # (. The subspace E is complete and totally bounded. Hence the set
E is closed in the space X (Exercise 2.2.29/2(ii)) and bounded in the space X, since
it is bounded in the subspace E (Corollary 2.3.11).

(i1) Suppose E # (J; otherwise the result holds trivially. Since E is closed in X,
E is a complete subspace of X (Exercise 2.2.29/2(i)). Since X is a totally bounded
space, so also is the subspace E. Hence E is a compact set in X. (]

For general spaces X, the converse of Lemma 2.3.15 (i) is false. However, in the
important special case when X = R", it is true.
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Theorem 2.3.16 (Heine-Borel) Let K be a subset of R". Then K is a compact set in
R" if, and only if, it is closed and bounded.

Proof If K is compact in R” then by Lemma 2.3.15 (i), it is a closed and bounded
set in R".

Conversely, suppose that K is a non-empty, closed and bounded set in R"; if
K = ¢ then the result holds trivially. Observe that K is contained in a cube I” C R”,
where / is a closed and bounded interval in R. Since K is closed in R" it is closed in
the subspace 1”. Hence, by Lemma 2.3.15 (i), if /" is compact then K is a compact
set in /" and also in R” It remains to prove that " is compact.

Note that I regarded as a subspace of R is complete and totally bounded and
therefore compact. By Theorem 2.3.12, I" is compact, as required. ]

The example to follow reinforces the fact that the converse of Lemma 2.3.15 (i)
is false. It is sited in £», and is complemented by a characterisation of the compact
sets therein.

Example 2.3.17 From Examples 2.1.2 (vi) and 2.2.2 (vi),

o
U = [x = (Xy)neN : X, € Rforalln € N, Zx,% < oo}

n=1

is a complete metric space when equipped with the metric

00 1/2
dx,y) = HZ(xn _Yiz)Z] s
n=1

where x = (x,),y = (yn) € €.

Let K = {x € €5 : d(0,x) < 1}: K is the closed ball with centre 0 and radius 1.
Although closed and bounded, K is not compact. For let " = (8;’)./61\1 € ¢y, where
SJ’? is the Kronecker delta, equal to 1 when j = n and zero otherwise. As the sequence

(e") in £, is such that d(e™, ") = /2 if m # n, it has no convergent subsequence.

Theorem 2.3.18 Let A be a non-empty subset of £5. Then A is compact if, and only
if, it is closed, bounded and such that

o
sup Zx,% — 0 as n— oo. (2.3.1)
x=(x;)€A k=n

Proof Let A be compact. By Lemma 2.3.15 (i), A is closed and bounded. Let ¢ > 0.
There exists a finite set ' = {al, R a”} C Asuchthat, forallx € A,d(x, F) < ¢/2.

Choose m € N such that
o0 1/2
max { |aZ|2} < ¢g/2.
k=m

I=q=p
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Let x = (xx) € A. There exists r, | < r < p, such that d(x, a") < ¢/2. Thus, by the
Minkowski inequality,

00 172 0 12 00 1
[leklzl < ’Z]xk—a,ﬂzl —i—’Z]a,ﬂz]
k=m k=m k=m

/2

. 1/2
Ed(x,ar)+{2|a,r(|2} <e,

k=m

~ 12
sup [Zx,f] <e.

x=(x;)€A k=m

and so

Conversely, suppose that A is closed and bounded and has the property (2.3.1).
Then A is closed in the complete space £, and hence is a complete subspace of £;. It
remains to show that it is totally bounded. Given ¢ > 0, choose n € N such that

1/2
. /

sup z x,% <¢e/2.

x=(x;)€EA k=n+1

Since A is bounded, there exists a real number A such that, forallx € A,d(0, x) < A.
LetA = {Z,fil k‘z}]/2 and choose m € Nsothatme > 4L A.Foreachj,1 <j <n,

let
2r .
Fi=i{\-14+—)A:r=0,1,...,jm¢}.
jm

Put
F={x=0)€ely :xpeFrifl <k<n, andx;y =0ifk > n}:

F is a finite set in £7. Let x = (x;) € A. There exists f = (fy) € F such that, if
1 <k < n, then |x; — fi| < k~1(2A/m). Hence

A0 f) =D ba—filF+ D lal
k=1

k=n+1

< QAA/m)? + (e)2) < €%

As it is covered by finitely many balls of radius €, it follows that A is totally
bounded. (]
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Corollary 2.3.19 The Hilbert cube
H = {x = (xg) € o : foreachk € N, |x;| < kil}

is compact in £5.

Proof 1t is routine to check that 7 is closed and bounded in ¢, and that (2.3.1)
holds. =

Pursuing the characterisation of compact sets in special spaces a little further, we
consider next the position in spaces kindred to C[0, 1]. The best known character-
isation in such spaces is the Arzela-Ascoli theorem, which involves the concept of
equicontinuity explained below.

Definition 2.3.20 Let (X, d) be a metric space. A set % C C(X) is said to be
equicontinuous at a point x € X if, given any ¢ > 0, there exists § > 0 such
that for all y € X with d(x,y) < 8, we have sup;c z [f (y) —f(0)| < &;if F is
equicontinuous at every point of X we say that .# is equicontinuous on X.

Lemma 2.3.21 Let (X, d) be a compact metric space and let % C C(X). Then F is
equicontinuous on X if, and only if, it is uniformly equicontinuous on X in the sense
that given any € > 0, there exists § > 0 such that for all x,y € X with d(x,y) < §,
we have SUPfe 7 Ffo) —fx)| <e.

Proof Suppose that .% is equicontinuous on X and let ¢ > 0. Then given any x € X,
there exists 6, > 0 such that SUPfc 7 f) —fx)| < e/3if d(x,y) < 6x. By the
compactness of X, there exist xy, ..., x, € X such that X = U]'.’:]B(xj, 8xj/2); let
5 = %min{(le,...,an}. Let x,y € X, d(x,y) < é§ and f € .%. For some j,
X € B(xj, 85;/2). Thus x and y belong to B(x;, ;) and

) —fO)] < [F) —f£)] + [f () —FO)| < 2¢/3.

It follows that supse z [f () —f(x)| < & whenever d(x,y) < & : % is uniformly
equicontinuous on X.
The converse is obvious. ([

Theorem 2.3.22 (Arzela-Ascoli) Let (X, d) be a compact metric space and let &~ C
C(X). Then % is compact if, and only if, it is closed, bounded and equicontinuous
on X.

Proof Suppose £ is compact. Then it is certainly closed and bounded. To estab-
lish equicontinuity, let ¢ > 0 and let f,...,f, € £ be such that & C
Ur—Bco) (fi» €/3). Since each f; is uniformly continuous on X, there exists § > 0
such that |f(x) — fr ()| < €/3ifd(x,y) <Sandk € {1,2,...,n}. Nowletf € &
and d(x,y) < 8 : thenf € Bcx)(fk, €/3) for some k and

F ) =fODI = F&) = fir @ + @) =fi + ) =f D] < &;
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that is, % is equicontinuous on X.

Conversely, suppose that " is equicontinuous on X, closed and bounded. It is
enough to prove that . is totally bounded. To do so, let ¢ > 0. Since X is compact,
 is uniformly equicontinuous on X and thus there is a § > 0 such that, whenever
x,y € Xandd(x,y) <,

sup [f(x) —fWI < €/4;
fex

also, there exist xq, ..., x, € X such that
n
X=U_U,;,

where U; = Bx(x;,8) (1 < i < n). Moreover, each x € X is such that, for some
ie{l,2,...,n},x € U;and

sup |[f(x) —f(xi)| < &/4.
fex

Let A = supse y doo(f,0), I = {1 € R : [A| < A} and define 6 : H — I" C R"
by
() = (F(x1), ... f(xn)).
Since I" is totally bounded, so also is 6(.%"). Thus there exist f1, ..., f;, € 2% such
that
6(H) C U™ Bre(0(f). £/4)
and, to conclude the proof, we show that

A C UL Be) (fjs €)-

Letf € % .Forsomej € {1,2,...,m},

" 172
des (0. 6(F)) = [Z ey —ﬁ(xi)|2] <e/4,
i=1

and therefore
max |[f () —fix)| < e/4.

Let x € X. Then, for some i € {1,2,...,n},x € U; and

max {lf(x) _f(xi)|, M(X) —ﬁ(xi)|} < ¢g/4.
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Hence

[F ) —fi@)| < [F) = fG| + [fG) = fia) | + () — fi(x)| < 3e/4.
It follows that do (f, f;) < € and f € Bcx)(f;, €). The proof is complete. O

Corollary 2.3.23 Let X be a compact metric space and let & C C(X). Then %
is relatively compact (that is, & is compact) if, and only if, it is bounded and
equicontinuous.

Proof Tt is easy to prove that if % is equicontinuous on X, then so is # . The rest
is obvious. (]

We next turn to continuous maps on compact spaces.
Theorem 2.3.24 Let X1 and X> be metric spaces and letf : X1 — X» be continuous.

(1) IfE is a compact set in X1, then f (E) is a compact set in X3.
(ii) If Xy is compact and f is bijective, then f is a homeomorphism.

Proof

(i) Suppose E # ¥; otherwise the result holds trivially. Let # be an open covering of
f(E). Then% = {f’l (V): Ve ”1/} isan open covering of E. Since E is compact
in X|, by Lemma 2.3.14, % contains a finite covering, {f~'(V1), ....f~1(V,)}
say, of E. But this implies that {Vy, ..., V,} C 7 is a finite covering of f(E).
Using Lemma 2.3.14 again, we see that f(E) is a compact set in X>.

(ii) Let U be an open set in X. Since X;\U is closed and therefore compact in X
(Lemma 2.3.15 (ii)), by the first part of the theorem, f (X;\U) is compact and
therefore closed in X (Lemma 2.3.15 (i)). Further, since f (X1\U) = X2\f(U),
it follows that f(U) is open in X,. Now, appeal to Remark 2.1.37 (ii) completes
the proof. (]

Corollary 2.3.25 Let X be a metric space, let f : X — R be continuous, and let
E be a non-empty compact set in X. Then f(E) is bounded and both inf f (E) and
supf (E) belong to f(E). In particular, there exist points u and v in E such that

f(u) = inff(E) and f(v) = supf(E).

Proof By Theorem 2.3.24, f(E) is compact in R; by Theorem 2.3.16, it is closed
and bounded. The result now follows easily. (]

The novelty of Corollary 2.3.25 is in the attainment of bounds. It is utilised in
proving the next result, about the distance of a point from a set and the distance
between two sets.
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Theorem 2.3.26 Let A and B be non-empty subsets of a metric space (X, d), and
let d(x, A), d(A, B) be defined as in Lemma 2.1.40. Then

(1) if A is compact, B is closed and A N B = (), then there exists a € A such that
d(a,B) =d(A,B) > 0,

(i) if X = R", d is the Euclidean metric on R", A is compact, B is closed and
AN B = {, then there exista € A and b € B such that d(a, b) = d(A, B).

Proof

(i) By Lemma 2.1.40 (iii), the map x — d(x, B) : X — R is continuous. Since A
is compact, by Corollary 2.3.25 there exists a € A such that

d(a,B) = inf {d(x, B) : x € A}.

Using Lemma 2.1.40 (i), we therefore see that d(a, B) = d(A, B). Now, if
d(a,B) =0thena € B (by Lemma 2.1.40 (ii)). Given that B is closed, it would
follow that @ € A N B, which contradicts A N B = @.

(ii) By (i), there exists a € A such that d(a, B) = d(A, B). Choose any b € B.
Let B = {y e B:d(a,y) <d(a, b)} note that d(a, B) = d(a, B). Since B is
closed and bounded, by Theorem 2.3.16 it is compact. Thus, using (i), there
exists b € B C B such that d(a,b) = d(b,{a}) = d( B,{a}) = d(a,B)
=d(a, B). (I

Note that the conclusion of (i) is false if the set A is merely required to be
closed, rather than compact. To illustrate this take X = R, with the usual metric, let
A=N,B={n—1/n:n e N}. Plainly A and B are closed, and A N B = {J; but, for
alln e N,d(A,B) <d(n—1/n,n) = 1/n — 0asn — oo, and hence d(A, B) = 0.

Corollary 2.3.25 has many uses, and it is worthwhile to note that key aspects of
it apply to functions with properties similar to continuity but of weaker regularity.
Looking back at Definition 2.1.27 it is clear that for a real-valued function f on a
metric space X to be continuous at x € X, it is necessary and sufficient that, given
any ¢ > 0, there exists a neighbourhood U of x such that
(1) f(x) — & < f(u) whenever u € U,
and
(i) f(u) < f(x) + & wheneveru € U.

Taken separately, conditions (i) and (ii) define classes of functions of importance in
their own right.

Definition 2.3.27 Let (X, d) be ametric space, x € X andf be areal-valued function
on X. Then f is said to be lower semi-continuous at x if, given any ¢ > 0, there
exists § > 0 such that

fx)—e <f(y)ifd(x,y) <.

The functionf is said to be lower semi-continuous on X if it is lower semi-continuous
at each point of X. Similarly, f is called upper semi-continuous at x if, given any
e > 0, there exists § > O such that
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FO) <f)+eifd(x,y) <d;
upper semi-continuity on X is defined in the obvious way.

Plainly, given x € X, anecessary and sufficient condition for f to be continuous at
x is that it should be both lower semi-continuous at x and upper semi-
continuous at x. Note that if f is lower semi-continuous at x, then —f is upper
semi-continuous at x.

Example 2.3.28

(1) LetX beametricspaceandx € X. Afunctionf : X — Rissaidtohave a relative
minimum (respectively, relative maximum) at x if there exists a neighbourhood
U of x such that f(x) < f(u) (respectively, f(x) > f(u)) whenever u € U. It is
clear that if f has a relative minimum (maximum) at x then it is lower (upper)
semi-continuous at x.

(2) Let X be a metric space and A C X. Then A is open in X if, and only if,
the characteristic function x4 of A is lower semi-continuous on X. To see this,
suppose that A is open. Then y4 has a relative minimum at each point of X and so
is lower semi-continuous on X. Conversely, let x4 be lower semi-continuous on
X. Omitting the trivial case of A = {J, let a € A. Then there is a neighbourhood
V of a such that

1 1
3= xa(a) — 5 < xa(x)ifx e V.

But this shows that V C A, that A C /(i and that A is open.

(3) Letf : [0,1] — R be defined by f(r) = O if ¢ is irrational, f(#) = 1/q if
t = p/q, where p and ¢ are integers with no common factor greater than 1, and
g > 0. Then f is upper semi-continuous on [0, 1]. Note that f is continuous
and therefore upper semi-continuous at all irrational points of [0, 1] (refer to
Exercise 1.3.10/6). Further, it has a relative maximum at every rational point of
[0, 1].

Lemma 2.3.29 Let X be a compact metric space and f : X — R be lower semi-
continuous on X. Then f has an absolute minimum on X : there exists u € X such
that, for all x € X, f(u) <f(x).

Proof We begin by showing that f is bounded below. Suppose otherwise. Then for
each n € N, there exists x,, € X such that f(x,) < —n. Hence

nli)rrolof(xn) = —o0. (2.3.2)

Since X is compact, the sequence (x,) has a convergent subsequence, (X)) say.
Suppose lim,,—, oo Xim(n) = X. As f is lower semi-continuous at x, a neighbourhood V
of x exists such that
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f)—1<f) (veV).

Hence, for sufficiently large n,

f(x) -1 <f(xm(n))s

a conclusion incompatible with (2.3.2).
Now let
K =inf{f(x) : x € X};

it remains to show that K € f(X). For each n € N, there exists u, € X such
that f(u,) < K + n~!. Since X is compact, the sequence (u,) has a convergent
subsequence, (uk(y)) say. Suppose Uy, — u. Clearly

K < f(ukm) <K +km)~' (n e N)

and so
K = lim f(ug(n)).
n—0o0

Further, as f is lower semi-continuous at u, for each ¢ > 0 there exists a neighbour-
hood U of u such that

f() —e < f(x) whenever x € U.

Thus forall ¢ > 0,
fw) —e < lim f(ukp) = K,
n— oo
and so f(u) < K. But by definition of K, f(u) > K. Thus K = f(u) € f(X). ([l

Theorem 2.3.30 Let (X1, d1), (X2, d2) be metric spaces, let (X1, d) be compact
and letf : X1 — X, be continuous. Then f is uniformly continuous.

Proof When (X3, d>) is R equipped with the standard metric, this result follows
from Lemma 2.3.21. To illustrate the ways in which compactness can be used we
give here a proof by contradiction that is not so readily available for Lemma 2.3.21.
Suppose f is not uniformly continuous. Then there exists ¢ > 0 such that, given any
8 > 0, there exist x, y € X with

di(x,y) <dand da(f(x),f(y)) > e.

Hence, for all n € N there exist x,,, y, € X1 such that

dy(Xn, yn) < 1/nand da(f (xn), f (yn)) = &.
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Since X is compact, there exist x € X; and a subsequence (X)) of (x,) such
that dy (Xu(ny, X) — 0. As di Xy, Ymm)) < 1/mn) < 1/n — 0, it follows that
d1 (Y, Xx) — 0. But given that f is continuous,

e < (f ) f Omw)) < do(f Gimeny)s f (X)) + d2(f (), f Qi) — O,

a contradiction. Hence f is uniformly continuous. ]

Corollary 2.3.31 Letf : R?> — R be continuous and have a continuous first partial
derivative 0yf with respect to the second coordinate. For each t € R put

1
F(t):/ f(s, t)ds.
0

Then F : R — R is differentiable and, for all t € R,

1
F'(t) = / oof (s, t)ds.
0
Proof Letty,t € R, t # 9. Then

5 _f(sv tO)

F(t) — F
’M s o) s

t—1

1
S/
0

Lete > 0. By Theorem 2.3.16, [0, 1] x [fo — 1, fo+ 1] is a compact subset of RZ; thus
the continuous map 9>f is uniformly continuous on this rectangle, by Theorem 2.3.30.
Hence there exists § € (0, 1) such that, forall s € [0, 1] and all v € [t — 8, ty + 5],

1
—/ dof (s, to)ds
0

|02f (s, v) — daf (s, t0)| < €.

It follows that, if s € [0, 1] and O < |t — fp| < &, then (by the mean-value theorem)
for some v strictly between ¢ and ¢,

(s, 1) — f (s, 10)
']CT — 02f (s, 10)| = 102f (s, v) — %f (5, 10)| < &.
Thus |
F(t)—F(t
‘M—/ of (s, to)ds| < &
t—1p 0
if 0 < |t — 19| < &, and the result follows. (Il

This Corollary is particularly useful. To illustrate, we give the following example.

2
Example 2.3.32 For each 1 € R, put g(1) = ( I e_szds) . By the fundamental
theorem of integral calculus,
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2 ! 2
gt =2e" / e ds.
0
Puth(t) = [ (1 +s2)~'e " (+9ds (1 € R). By Corollary 2.3.31,

1 1
H(t) = —2t/ e+ g — —2te_’2/ e ds.
0 0
If t # 0, the substitution u = st reduces this to

t
H(t) = —2¢" / e du (1 # 0):;
0

plainly #'(rf) = 0 if t = 0. Thus, forall 7 € R, g’(¢) + /'(¢r) = 0 and so

1
g(t) + h(t) = constant = g(0) + h(0) =/ (1 + s> lds = n/4.
0

Hence

1
G oew| == [as e e e o
0

as t — oo. It follows that

N
lim (/ e * ds) = —,
t—o0 \ /o 4

which gives the famous result that

1

o0 2
/ e ds = =m.
0 2

We conclude this section by giving two applications of the ideas of completeness
and compactness.
2.3.1 Application 1

This is to the theory of ordinary differential equations. Let / be a non-degenerate
interval in R; given any n € N, let f™ be the nth derivative of f and put

c'(I) = {f € C(I) : f™ exists and is continuous on I} .
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By a linear ordinary differential equation of order n on / we shall mean a
problem, denoted by

x4 a;Ox" Y + 4 an(O)x = kD), (2.3.3)

of the following type:
Given ay, ..., a,, h € C(I), does there exist a function x € C"(I) such that for
allr e,
X0 +ar(Ox" V@) + .. 4 an()x(t) = k(1) ?

If there is such a function, it is called a solution of (2.3.3). Equation (2.3.3) is called
homogeneous or non-homogeneous according to whether 7 = 0 or & # 0. Given

to € 1, an initial-value problem set at 7y associated with (2.3.3), is the problem
of whether given (11, ..., n,) € R”, there is a solution ¢ of (2.3.3) such that

(¢0). 9P w0), ... 9"V 10)) = (1. ).

This problem is symbolised by

x® 4+ a (Hx™ D + L+ a,()x = h(r),
(2.3.4)
x(to) = n1, xXV(tg) = mp, ..., x V(1) = n,.
Example 2.3.33
(i) LetI = R. The problem
¥—x=0 (2.3.5)

is a homogeneous ordinary differential equation of order 2. The function 7 —
€' is a solution. The problem

X—x=0,x0)=1, x(0)=0

is an initial-value problem set at 0, associated with (2.3.5). Its unique solution
is t —> cosht.
(i1) LetI = (0, 00). The problem

-1 2

X+t x—t “x=logt, (2.3.6)
is an inhomogeneous equation of order 2, with t — (3logt — 4)1>/9 as a

solution. The problem

S+ —r2x=log s, x(1) =1, x(1) =0
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is an initial-value problem set at 1 associated with (2.3.6), and has the unique
solution

4 11 2
tr—>t+§t +§(3logt—4)t.

We shall now prove the existence and uniqueness of solutions of initial-value
problems, when n = 2 and / is closed and bounded.
Consider the initial-value problem
X+ai(H)x+ax(t)x = h(p),

2.3.7)
x(to) = no, x(to) =1,

where ay,az, h € C(I) and fop € I. Suppose ¢ € C2(I) is a solution of (2.3.7) and

let u = ¢. By Taylor’s theorem with the integral form of the remainder,

t t
() = 10+ (t — to)m + / (1 — Suls)ds. $(r) = n + / u(s)ds.
0 0]

Substitution in (2.3.7) now shows that

t
u(t) = h(t) —mai () — {no + (t — t0)n1} az(?) —/ {ar () + (t — s)az (D)} u(s)ds,
0]

and so u satisfies the integral equation (of Volterra type)
1
u(t) = g(t) +/ k(t, s)u(s)ds, (2.3.8)

fo

where

g(t) = h(®) —mar(t) — {no + (t — to)m } az(1),

k(t,s) = —{a1(t) + (t — )ax(0)}.

Thus the second derivative of any solution of (2.3.7) is a solution of (2.3.8).
On the other hand, if the integral equation (2.3.8) has a unique solution w € C(I),
let

t
w(t)zno+(t—to)n1+/(t—S)W(S)ds (tel)
0]

so that .
V() =+ / w(s)ds, ¥ (1) =w@)(t ).

fo
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Plainly ¢ satisfies (2.3. 7) Moreover, it is the unique such solution, for if | were
another, then ¥ = w = 1 and so, by Taylor’s theorem, y; = .

It follows that the problem of the existence of a unique solution of (2.3.7) can be
reduced to that of the existence of a unique solution of the integral equation (2.3.8).
We now prove, with the aid of the contraction mapping theorem, that (2.3.8) does
indeed have a unique solution.

Theorem 2.3.34 Let I be closed and bounded, let g € C(I), to € I, put D =1 x I
and let k : D — R be continuous. Then there is a unique ¢ € C(I) satisfying the
Volterra equation

t
o) =g() +/ k(t,s)p(s)ds (t €l).

o
Proof LetI = [a, b], u € C(I) and define ¥ by

t

Y() =g +/ k(t, u(s)ds (¢t €1).

fo

We claim that ¥ € C(I). To prove this, first note that for fixed ¢+ € I, the map
s —> k(t, s)u(s) belongs to C(I) C Z(I). Now lett; € [ and ¢ > 0. Foreacht € I,

1

t
/k(t,s)u(s)ds—/ k(ty, s)u(s)ds
fo

fo

V(1) — @)l < |g(0) — gt +

< lg(®) — gl +

t
/ k(t, s)u(s)ds
1

t
+ /l {k(t,s) — k(t1, s)} u(s)ds| .
0]

Let
m =sup{lu(s)|:s el}, M =sup{lk(t,s)|: (t,s) € D}.

In view of Theorem 2.3.16 and Corollary 2.3.25, both m and M are finite. The
continuity of g at #; and the uniform continuity of k on the compact set D (see
Theorem 2.3.30) imply that there exists § > 0 such that

lg(®) — gt < /3, Mm|t — 1| < e/3andm|k(t,5) — k(t1, )| (b —a) <&/3
ifs,t €I =[a,b]and |t — ;]| < §. It follows that

[y (@) — ()] <eifteland |t —1] <6,

and so v is continuous on /.
Next, define T : C(I) — C(I) by
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t

Tu(t) = g(t) +/ k(t,)u(s)ds (t € I, u € C(I)).

fo

Since C (1) is a complete metric space when equipped with the uniform metric doo,
we claim that for some k € N, T¥ is a contraction mapping and so propose to use
Corollary 2.2.14 to show that T has a unique fixed point. For each n € Ny, let P(n)
be the proposition

|T"u(t) — T"v(1)| < (M |t — to])" doo (u, v)/n! for all u, v € C(I) and all t € I.

Evidently P(0) is true; and if P(n) is true for some n € Ny, then

T u(r) — T”‘Hv(t)‘ -

t
/ k(t,s) {T"u(s) — T”v(s)}ds
fo

S M dOO (u’ V)

t
/ (M |s — to])" /n'ds

0
< Mt — 101)" " doo(u, v)/(n + 1)!

for all u,v € C(I) and all ¢ € I, so that P(n + 1) is true. Hence P(n) is true for all

n € N. Thus
M (b — a)"

doo (T"u, T"v) <
n!

doo (U, v)

for all u, v € C(I) and all n € N. Choose k € N so large that (M (b — a))k Jk! < 1;
T* is a contraction. Hence by Corollary 2.2.14, T has a unique fixed point, ¢ say,
and

t
¢ =Tp() =g +/ k(t, 5)p(s)ds(t € I).

0]
The proof is complete. O

As an immediate consequence of this theorem we have

Corollary 2.3.35 Let I be closed and bounded. Then the initial-value problem
(2.3.7) has a unique solution.

Next we show how the Arzela-Ascoli theorem may be used to prove a famous
theorem, due to Peano , which establishes the existence of a solution of the initial-
value problem for a non-linear differential equation.

Theorem 2.3.36 Letty, xo € Randa, b > 0, putl = [ty, to+al, J = [xo—b, xo+b]
and suppose that f : I x J — R is continuous, with

M = max |f(¢,x)| > 0;
(t,x)el xJ

put ¢ = min(a, b/M). Then there is a function x € C'([to, to + c]) such that
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x(t) = f(t, x(1)) for t € [ty, to + c], x(t9) = xo. (2.3.9)

Proof Plainly x is a solution of (2.3.9) if, and only if,

t
x(t) = x¢ +/ f(s,x(s))ds, t € [to, tg + c]. (2.3.10)
0]

For simplicity of exposition, suppose that 7o = 0; the general case is handled simi-
larly. Put I} = [0, c] and for each n € N define x,, : I1 — R by

0 = X0, 0<t<c/n,
) = X0 + fé_c/"f(s,x,,(s))ds, c/n<t<c.

The function x, is well-defined: it is given by
xu(t) = xj0(0) forje/n <t < (j+ Dc/nandj=0,1,...,n—1,
where
xon(1) =x0 (0 =1 < c¢/n),

t—c/n
x1,2(t) = X0 +/ f(s,x0)ds (c¢/n <t <2c/n)
0

and, forj=2,...,n—landjc/n <t < (j+ l)c/n,

=1 ke/n
Xjn(t) = x0 + Z/ f(s, xk—1,,(5))ds
k=1

(k—1)c/n

t—c/n
—l—/(j S8, xj—1,n(5))ds.

—1e/n
It is clear that x,, € C(I1). Moreover, forall t € Iy and all n € N,
X (£) — x0l = cM < band |x,(1)| < |xol + b.
Hence the sequence (x,) is uniformly bounded. In fact, it is equicontinuous, for given

anyn € Nand any 1,1 € I,

[x,(t1) — xp(22)| <

th—c/n
/ f(s, x,(8))ds| <M |ty —11].
'

1—c/n

Hence by the Arzela-Ascoli theorem (Theorem 2.3.22), there is a subsequence (xi))
of (x,) which is uniformly convergent on /1, to x say. For all ¢ € Iy, as k(n) — oo,
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t
/ f (s, Xy (9))ds
t—c/k(n)

< Mc/k(n) — 0.

t
Xy (1) — X0 — /0 F (8, Xk (s))ds

Since f is uniformly continuous on the compact set I} x J, (s, Xk (s)) converges
uniformly on 71 x J to f(s, x(s)), and

t t
/0f(s,xk(,,)(s))ds—>/Of(s,x(s))ds

as k(n) — oo. Thus

t
x(t) =xo+/ f(s,x(8))ds, t € 1q,
0

and the proof is complete. (]

Note that there may well be more than one solution of the initial-value problem
(2.3.9). For example, the initial-value problem

x(t) = [x(0)|"* fort € [0, 1], x(0) =0,
has, apart from the zero function, a whole family of solutions given by

= 0, 0<t<c,
=104, c<r<1,

for any ¢ € (0, 1). Sufficient conditions on the function f for uniqueness to be
restored are given in Exercise 2.3.38/14 below.

2.3.2 Application 2

Here we revisit the Riemann integral and give a celebrated criterion for functions to
be Riemann-integrable. To do this, we need the concept of a null set. A subset E of
R is said to be a null set if, given any ¢ > 0, there is a sequence (/) of intervals I,
of length /(7)) such that E C U,I, and ZZ‘;I I(I,) < e.Itis clear that every finite
set is a null set, as is every subset of a null set. Somewhat less obviously, if (E,) is a
sequence of null sets, then U;’li]En is a null set. To establish this, let ¢ > 0 and note

that given any n € N, there is a sequence (I,(n")) of intervals such that E;,, C Uan:] 1,5;”,

Z;O:l l (I,(n") ) < &¢/2". The sequence (I,(n"))m’,,eN is countable and so may be arranged
as a sequence (J) keN, With Up2 | E, C UZ2 | Jk, and
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DU =D e/ =e.
k=1 n=1

This justifies our claim.
The criterion mentioned above is as follows.

Theorem 2.3.37 Leta,b € R, witha < b, let f € PBla, b] and set
Dy = {x € [a, b] : f is not continuous at x}.

Thenf € Z|a, b if, and only if, Dy is a null set.

Proof We may clearly suppose that f is not the zero function. Let M = sup {|f (x)] :
x € [a, b]} and for each n € N put

E, ={x €la,b]: forall § > O there exists,t € (x — 3, x 4+ &) N [a, b] such
that |f(s) —f ()| > 1/n}.

Plainly f is not continuous at x if x € E, for some n. On the other hand, if x € Dy,
then there is a sequence (xx) in [a, b], with x; — x, such that f(x;) - f(x). This
implies that there exist n € N and a subsequence of (xj), still denoted by (x) for
convenience, such that |f(xx) —f(x)| > 1/n for all k € N. Thus x € E,. It follows

that
Df - UneN En.

We claim that each E,, is compact. Since E,, is obviously bounded, it is sufficient
to prove that it is closed. To do this, let x € E,. Given § > 0, there exists yeE,
with |x —y| < §/2; and since (y — §/2,y + 6/2) C (x — 8, x + ) and there are
s,t € (y—368/2,y+ 68/2) with |f(s) —f(¢)] > 1/n, it follows that x € E,, which
establishes our claim.

Now suppose that f € Z|a, b]. By Exercise 1.1.10/7, given n € N and ¢ > 0,
there is a partition P = {a = xg, X1, . . ., Xy = b} € P[a, b] such that

‘Z:n:lvgr) — [} —x—1)| < e/n

whenever &, n, € [x,—1,x/], forr € {1,...,m}. Foreach r € {1, ..., m} we may
plainly choose &, 1, so that f (§,) > f(n,); moreover, if (x,_1, x,) NE, # @, we may
ensure that f (&) > f(n,) + 1/n. It now follows that the sum of the lengths of those
intervals (x,_1, x,) with non-empty intersection with E,, is less than ¢. Hence, since
the length of degenerate intervals is zero, E, is a null set; and as Dy is the countable
union of the E,,, it also is a null set.

For the converse, suppose that Dy is a null set. Let ¢ > 0 and choose n € N so
thatn > 1/¢. Since E,, is obviously null, there is a sequence (/,) of open subintervals

of the metric space [a, b] which covers E,,, with Zfil I(I}) < ¢. As E, is compact,
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it is covered by a finite number of these intervals, say Ji, ..., J,; and of course
Z’;zl [(J;) < &. An inductive argument shows that the set

[a, b]\ U f:y]r

consists of a finite collection of closed intervals, say Ki, ..., K,; for each j €
{1, ..., g}, there exists P; € Z(K;) such that |f(x) —f(y)| < 1/n for all x,y in
the same subinterval of P;. Finally, let P € &?[a, b] consist of the points of U ;Izle
together with the endpoints of the intervals Ji, . . ., J,. Then, using Exercise 1.1.10/2,
we see that the contribution to U(P, f) — L(P, f) from the points of Py, ..., P, can
be estimated from above by

l(b —a) < e(b—a).
n

Therestof U(P, f)—L(P, f) arises from the endpoints of the J, and may be estimated
from above by

4
2M Zr:l I(J,) < 2Me.

Hence
UP,f)—L(P,f) <e(2M + b — a),

and so f € #|a, b]. O

Note that this theorem gives an immediate proof of the fact, established earlier,
that Riemann-integrability is preserved by taking sums and products.

Exercise 2.3.38

1. Let I = [0, 1]. Exhibit a subset of the metric space C(I), endowed with the
uniform metric, that is unbounded. Show that the mapping f ——> fol fof C()
to R is uniformly continuous on C(J).

2. Let (X, d) be a compact metric space and let (F;);c; be a family of non-empty
closed subsets of X with empty intersection. Prove that there is a positive number
¢ such that for each x € X, d(x, F;) > c for some i € I.

3. Let (X, d) be a compact metric space such that for all x,y,z € X, d(x,y) <
max {d(x, z),d(y, )}, and let xo € X; let x € X be such that d(xp, x) = r > 0.
By assuming the contrary show that

sup{d(xo,y) : y € B(xg, r)} < r and inf {d(xg,y) : y € X,d(x9,y) > r} > r.

Hence prove that {d(xg, z) : z € X} is finite or countably infinite.

4. Let (X,d) be a compact metric space, let 7 : X — X be such that for all
x,y € X,dx,y) <d(T(x),T(y)),andleta, bbe any points of X. By considering
appropriate subsequences of (7" (a)) and (7" (b)), show that given any ¢ > 0,
there is an integer k such that d(a, T* (a)) < eandd(b, T* (b)) < &.Deduce that
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d(T(a), T(b)) = d(a, b) and that T(X) is dense in X. Hence show that T maps
X isometrically onto itself.

. Let (X, d) be a compact metric space and suppose that 7 : X — X is such that

d(T(x),T(y)) < d(x,y) forall x,y € X with x # y. Prove that T has a unique
fixed point.

. (Dini’s theorem: see also Exercise 1.7.17/18) Let (X, d) be a compact metric

space and let (f;,) be a monotone sequence in C(X) which is pointwise convergent
tof € C(X). Prove that f;, — f in the uniform metric on C(X).

. Leta € (0, 1]. A real-valued function f on [0, 1] is said to be Holder-continuous

with exponent o if there is a constant C such that for all x,y € [0, 1],
If @) —fO)| < C |x — y|%. Define

[f ) —f I
lx — y|*

)

Iflle = max [f(x)| + sup
x€[0,1]

where the supremum is taken over all x, y € [0, 1] with x # y. Prove that the set
of all functions f with ||f||, < 1is a compact subset of C[0, 1].

. LetZ ={f € C[0, 1] : dso(f, 0) < 1}. Show that %" is not compact in C[0, 1].
. Let (X, d) be a compact metric space and let (f;,) be a sequence in C(X). Prove

that if the set {f, : n € N} is equicontinuous, and for each x € X the sequence
(fn(x)) converges, then (f;,) is convergent in C(X).

Let f,,(t) = sin«/t +4n?mx2 fort > 0, n € N. Prove that {f, : n € N} is a
bounded and uniformly equicontinuous subset of %[0, co), but that it is not
relatively compact. Prove also that the sequence (f,,) converges pointwise to 0
on [0, 00). [This shows that the Arzela-Ascoli theorem and Exercise 9 may fail
when X is not compact.]

Let % C CIO0, 1]. Suppose that each f € J# is differentiable on (0, 1) and that
there exists M > 0 such that [f’(t)| <M forallt € (0,1)and all f € Z. Prove
that % is equicontinuous.

Let X be a metric space, x € X, and f be a real-valued function on X. Prove that
f is lower semi-continuous at x € X if, and only if,

f(x) < liminf f(x,) whenever x,, — x.
n—o0

Let (X, d) be a metric space and let f : X — R be bounded and lower semi-
continuous. For each n € N, let g, : X — R be defined by

gn(x) = inf{f(y) +nd(x,y)} (x € X).
yeX

(i) Prove that (g,) is an increasing sequence of continuous functions that con-
verges pointwise to f.

(i) Show that the set of points of continuity of f is residual in X and deduce
that, if X is complete, then this set is dense in X.
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Let a,b,c € R witha < b and ¢ > 0, let u, v be non-negative continuous
functions on [a, b] and suppose that

t
v(t) <c +/ v(s)u(s)ds fora <t < b.
a

Establish Gronwall’s inequality:

t
v(t) < cexp (/ u(s)ds) fora <t <b,
a

so thatif ¢ = 0, then v is the zero function. Deduce that the initial-value problem
(2.3.9) has a unique solution if the function f is Lipschitz-continuous in the sense
that there is a constant K such that

f(t, w1) —f(t,wa)| < K |wy —wy| forall t € [y, to + c] and all wy, wr € J.

Let % be an open covering of a compact metric space X. Show that there is a
positive number ¢ (called a Lebesgue number of %/) such that if A C X and
diam A < ¢, then there exists U € % that contains A.

Let (X, d) be a complete metric space and let " be the family of all non-empty
compact subsets of X. The Hausdorff metric § on . is defined by

3(A, B) = max{supd(a, B), supd(b,A)} (A,B € %),
acA beB

in the notation of Lemma 2.1.40. Show that
8(A,B) =inf{r >0:A CV,(B),BC V.(A)},

where V,(A) = {x € X : d(x,A) < r}. Prove that § is a metric on .# and that
(', 8) is complete. Show further that if X is compact, then so is (£, §). Prove
that if for each i € {1, ..., n}, A; and B; belong to ', then

8 (Ul A, UL B;) < max 8(A;, By).

1<i<n

Let F : X — X be a contraction; that is, there exists r € (0, 1) such that for all
x,y € X,d(F(x), F(y)) < rd(x,y). Prove that for all A, B € .7,

3(F(A), F(B)) <ré(A, B).
Now suppose that for each i € {1, ...,n}, F; : X — X is a contraction. Define

F . H — K by F(A) =UL Fi(A) (A€ x),show that .Z is a contraction
on (£, §) and hence prove that there is a unique K € ¢  such that
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K = U?:lF,-(K).

By taking X = [0, 1] (with the metric inherited from R), n = 2, Fj(x) = x/3
and Fr(x) = 2+ x)/3 (x € [0, 1]), deduce that lim,,_, o, -#" ([0, 1]) exists in
(A, 8) and so defines a compact non-empty subset of [0, 1]. This is the Cantor
set.

2.4 Connectedness

In this section we isolate those metric spaces with the following property: if a map
f : X — Ris continuous, then its range, f(X), is an interval. The motivation for this
stems from the well-known intermediate-value theorem.

We begin with a characterisation of those subsets of R which are intervals.

Lemma 2.4.1 A subset S of R is an interval if, and only if, it has the following
intermediate-value property (abbreviated as ivp):

ifx,yeSand x <z <y,thenze€S.

Proof 1If S has at most one element, it is a degenerate interval and the result holds
by default.

Suppose that S has at least two elements. If it is an interval then it clearly has the
ivp. To establish the converse we distinguish four cases:

(i) infS =a > —oo, supS = b < oo. Evidently S C [a, b]; we claim that
(a,b) C S. For suppose that x € (a, b). Then there exist ¢,d € S such that
a < c¢ < x <d < band hence, by the ivp, x € S. Thus (a, b) C S C [a, b] and
S is an interval.

(i1) infS = a > —oo, supS = oo. Here S C [a, 00). If x € (a, 00), then there
are c,d € Ssuchthata < ¢ < x < d < o0 and, as before, x € S. Thus
(a,00) C S C [a, c0) and S is an interval.

(iii) infS = —o0,supS =b < oo.

(iv) inf § = —o0, sup S = oco.

We omit the proofs in cases (iii) and (iv) as they are similar to that of case (ii).[]

We can now give equivalent forms of the property with which we began this section.

Theorem 2.4.2 Let X be a metric space. The following three statements are equiv-
alent:

(i) The only subsets of X which are both open and closed are ) and X.
(i1) There do not exist two non-empty disjoint open subsets of X whose union is X.
(iii) The range of each continuous map f : X — R is an interval.



138 2 Metric Spaces

Proof Suppose that (i) holds and that (ii) does not. Then there are non-empty open
subsets U, V of X such that U NV = @ and U UV = X. This implies that U = “V
and so U is closed. Thus ¥ # U # X and U is both open and closed, contradicting
).

Now suppose that (ii) holds and (iii) does not. Then there is a continuous map
f : X — R such that f(X) is not an interval. Hence, in view of Lemma 2.4.1, there
existx,y € X and A € R such that f(x) < * < f(y) and, forall z € X, f(z) # A.
Let U :f‘l((—oo, A)) and V :f‘l((k, 00)). These sets are non-empty, disjoint,
open and their union is X, contradicting (ii).

Finally, suppose (iii) holds and (i) does not. Then there is a set U which is both
open and closedin X and ¥ # U # X. Definef : X - Rbyf(x) = 1ifx € U,
f(x) = Ootherwise. Since f~1 (W) € {8, U, “U, X}if W C R, it follows thatf ~' (W)
is open in X whenever W is open in R. Hence f is continuous, but its range is not an
interval and (iii) is contradicted. O

This leads us to formulate the following definition.

Definition 2.4.3 A metric space X is said to be connected if it is not expressible as a
union of two non-empty, disjoint open subsets of itself; it is said to be disconnected
if it is not connected.

Of course, any of the equivalences of Theorem 2.4.2 could have been used to
define a connected space. There is some loss of motivation in not choosing (iii), but
the compensation is that we have an intrinsic and functional definition.

We now turn to subsets of a metric space.

Definition 2.4.4 A subset of a metric space X is said to be a connected set in X if it
is either empty or it is connected as a subspace of X it is said to be a disconnected
set in X if it is not a connected set in X.

Let E be a subspace of a metric space X. By definition, £ is a disconnected
space if, and only if, there are non-empty sets O; and O», each open in E, such that
01 N0y =@and O U O, = E. If 7 denotes the family of all the sets open in X,
then {UNE : U € %} is the family of all the sets open in the metric space E. It
follows that E is a disconnected space if, and only if, there are sets U and V, each
open in X, such that

UNE#W, VNE#0

and
(UNEYN(VNE)=@, (UNE)U(VNE)=E.

With the observation that
@WUNEYN(VNE)=¢if,andonlyif, UNVNE =0,
and

G)WUNEYU(VNE)=FEif,andonlyif, ECUUYV,
this means that we have established the following theorem.
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Theorem 2.4.5 Let E be a subset of a metric space X. Then E is a disconnected set
in X if, and only if, there are sets U and V, each open in X, such that

UNE#W, VNE #0,
UNVNE=¢, ECUUV.

In practice, given a set E in a metric space X, Theorem 2.4.5 provides a basic
test for its disconnectedness. In the event that the set E is known to be disconnected,
a condition stronger in form than the test-condition of Theorem 2.4.5 holds. This
appears next.

Theorem 2.4.6 Let E be a subset of a metric space X. Then E is a disconnected set
in X if, and only if, there are disjoint open sets U and V in X such that U N E # (),
VAE #AWand EC UUV.

Proof Let E be disconnected in X. Then there are sets U; and Vi, each open in X,
suchthat ENUy #D, ENVI £#B, ENU NV =@ and E C Uy U V;. Moreover,
given any u € E N Uy, there exists 7(u) > 0 such that B(u, r(1)) C Uy; also, given
any v € E N Vy, there exists (v) > 0 such that B(v, r(v)) C V. Put

U= |J Buwrw/,v= ] B rw)/2).

ueENU, veENV]

Itisclear that U and V are open, that ENU = ENU| Z@and ENV = ENV| # (0,
andthat E = (ENU) U(ENV)) C UU V. Itremains to prove that U NV = 0.
To obtain a contradiction, suppose that U NV # (). Let w € U N V. Then there are
points u € E N Uy, v € EN Vy such that d(u, w) < %r(u), dlv,w) < %r(v), where
d is the metric on X. Thus

du,v) <d(u,w) +dw,v) < % {r(u) +r(v)} <max {r(u),r(v)}.

It follows that either v € U; or u € Vi. Whichever is the case, U N Vi NE # @, and
we have a contradiction.
The converse is obvious. ([l

Example 2.4.7

(1) In every metric space (X, d) any set containing only one point is obviously
connected; any finite set with at least two points is disconnected. Thus if S =
{a, b} C X and a # b, for example, we may take U = B(a,r), V = B(b, 1),
where r = %d(a, b), and note that U and V are open, UNV =@, U NS # @,
VNS #@PandS CUUV.

(i1) In any discrete metric space every subset with more than one point is discon-
nected, as every subset of the space is both open and closed.
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(iii) Let X be a metric space, let A, B be non-empty, disjoint, closed sets in X and let
E = AU B. Then E is disconnected. To see this, put U = “A, V = “B so that
UandVareopeninX. Then UNE=B# 0, VNE=A#0,UNVNE =
‘AN°BN(AUB) = (AUB)‘N(AUB) =@andE =AUB C ‘BU‘A=UUYV.
To illustrate this, let X = R, A = {(x,y) e R :x > 0, xy =1}, B={(x,y) €
R? : y = 0}. Then A U B is disconnected in R.

(iv) Let X be a metric space and let A, B be non-empty, open, disjoint sets in X with
union X. Then if C is a connected subset of X, either C C A or C C B. For
otherwise CNA # 0, CNB # W, CNANB =@ and C C AU B, and the
connectedness of C is contradicted.

(v) A metric space X is connected if, and only if, given any x,y € X, there is a
connected subset A of X such that x,y € A. To prove this, suppose first that
given any x, y € X, there is a connected subset A of X such thatx,y € A. If X
were not connected, there would be disjoint, open, non-empty sets U, V with
union X. By (iv), either A C U or A C V, and we have a contradiction. The
converse is obvious.

The connected subsets of R, equipped with the usual metric, can be classified
completely.

Theorem 2.4.8 Let S C R. The following three statements are equivalent.

(1) S is connected.
(i1) S has the intermediate-value property.
>iii) S is an interval.

Proof Suppose that S is connected yet fails to have the intermediate-value property.
Then there are real numbers x, y and z with x,y € S, x < z < yand z ¢ S. Put
U={treR:t<z} andV ={reR:t>z}. Then U and V are open, S N U # 0,
SNV #@,UNV =@Pand S € U U V. Thus S is disconnected and we have a
contradiction. Hence (i) implies (ii).

Conversely, suppose that S has the intermediate-value property and is discon-
nected. Then there are disjoint open sets U, V inRand pointsx, y € S withx < ysuch
thatx e SN U,ye SN VandS C U U V.Letz :=sup{UN[x, y]}. Plainly z € U
and, as U is contained in the closed set R\V,z¢ V.Sinceze[x,y]CSCUUYV,
it follows that z € U. Since U is open and z # y, there exists z; > z such that
[z,z1] C U N [x, y]. But this contradicts the definition of z. Hence (ii) implies (i).

The rest of the proof follows from Lemma 2.4.1. O

Corollary 2.49 Let S C R, S # (0. Then S is an interval if, and only if, f(S) has
the ivp whenever f : S — R is continuous. [ The ‘only if’ part of this result is called
the intermediate-value theorem.]

Proof By Theorem 2.4.8, S is an interval if, and only if, S is connected; by The-
orem 2.4.2, this is so if, and only if, f(S) is an interval whenever f : S — R is
continuous; and now the result follows from Lemma 2.4.1. O
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Corollary 2.4.10 Leta,b € R, witha < b, and let f : [a, b] — [a, b] be continu-
ous. Then f has a fixed point; that is, there exists c € [a, b] such that f(c) = c.

Proof 1If f(a) = a or f(b) = b there is nothing to prove. We shall therefore assume
that f(a) > a and f(b) < b. Define g : [a, b)] — R by g(x) = x — f(x), x € [a, b].
Then g is continuous, g(a) < 0 and g(b) > 0. By Corollary 2.4.9, there exists
¢ € [a, b] such that g(c) = 0; that s, f(c) = c. O

This elementary fixed-point result may be extended to higher dimensions with
considerably greater effort: see Chap. 3 for the two-dimensional version.

Under a continuous map connectedness is preserved. Amongst other uses this fact
allows new connected sets to be generated from old.

Theorem 2.4.11 Let X and Y be metric spaces and let f : X — Y be continuous.
Then f (E) is a connected subset of Y whenever E is a connected subset of X.

Proof Suppose that E is connected and yet f(E) is not. Then there are disjoint open
sets U, Vin Y such that U Nf(E) # ¥, VN f(E) # W and f(E) C UU V. It follows
that f~Y(U)NE # @, f "\ (V)NE # 0, E C f~'(U)Uf~!(V) and, since UNV = ¢,
YUY Nf~1(V) = @. Asf is continuous, f~1(U) and f~1(V) are also open in X.
Thus E is disconnected and we have a contradiction. (]

Corollary 2.4.12 Let S = {(x,y) € R> : x> +y> = r?}, where r > 0. Let f :
S — R be continuous (S inherits the Euclidean metric from R2). Then there exists
u = (u,v) € S such that f(n) = f(—u).

Proof Note that S is connected: it is the image of the interval [0, 27r] under the
continuous map ¢ — (rcost, rsint).
Let g : S — R be defined by

gp) =f(P) —f(-=p).

Then g is continuous: if p, € § (n € N) and p, — p € S, then f(p,) — f(p)
and f(—pn) — f(—p), so that g(p,) — g(p). Since S is connected, it follows from
Theorem 2.4.2 that g(S) is an interval. This interval is symmetric about the origin: if
0 € g(S), then g(s) = 6 for some s €S and so —0 = —g(s) = g(—s) € g(S). Hence
0 € g(S) and there exists u € S with g(u) = 0; that is, f(u) = f(—u). O

The use of the term connected in the context of metric spaces may seem remote
from the everyday sense in which the term is employed. That sense, in which elements
are linked or joined, does have a specialised counterpart for which the technical
expression is path-connected. Three definitions introduce this.

Definition 2.4.13 Let X be ametric spaceandleta, b € R, witha < b. A continuous
map y : [a, b] — X is called a path in X with parameter interval [a, b]. The points
y(a), y (b) are called the initial and terminal points, respectively, of y; y is said to
join its initial and terminal points; y is a closed path if y (@) = y (b); y is a simple
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path if y(s) # y(t) whenever s,t € [a,b], s # t and {s, t} # {a, b}. The range
y* = y([a, b]) of y is called the track of y. If y* C E C X we refer to y as a path
in E.

Without loss of generality, any path may be chosen to have parameter interval
[0, 1] : make the obvious change of variable t — (1 — t)a + b : [0, 1] — [a, D].

Example 2.4.14 The function y : [0, 1] — R? defined by y () = (cos ¢, sin 1) is
a path in R? which joins its initial point (1, 0) to its terminal point (—1, 0) and has
track

Y ={,y) eR>: x> +y* =1,y > 0}.

Observe that different paths may have the same track: the path v : [0, 1] — R? given
by v(t) = (cos wt?, sin 7¢?) has the same track as y, though v # y.

Paths in R” of a particular character are singled out.

Definition 2.4.15 Given a,b € R witha < b, amap y : [a,b] — R" is
said to be a polygonal path if points x@ x(U .  x® e R” and a partition
{a =1y, 11, ..., 1 = b} of [a, b] exist such that

y(@) =t —t;i-1)"" {(tj — VD 4 - tjfl)x(i)}

whenever ;1 <t <tjandj € {1,2,...,k};if, in addition_, y is such that for each
je{l,2,..., k}thereisaline passing through xU=1 and x\) parallel to a coordinate
axis, then it is said to be a p-path. In the elementary case of k = 1, when

y@&)=b-a) b -DxQ + 1t —-axV) @<t <b),

the path y is referred to as a line segment and may be denoted by [x©, x(V]. This
terminology and symbolism is used also for y*, the track of y, and the intended
meaning has to be understood by context.

Elementary reasoning shows that a polygonal path is continuous and therefore a
path in the sense of Definition 2.4.13. Also, the track of a polygonal path (or p-path)
y is a union of line segments: y* = Ujlle [(xU=D x0,

Definition 2.4.16 A subset E of a metric space X is called path-connected if, given
any x, y € E, there is a path in E with initial point x and terminal point y. If X = R",
E is said to be polygonally connected if, given any x, y € E, there is a polygonal
path in E which joins x to y.

Example 2.4.17

(i) Leta € R.ThenR\{a}, with the metric inherited from R, is not path-connected.
Forletx,y € R, withx < a < y,and suppose thereisapathy : [0, 1] — R\{a}
joining x to y. By the intermediate-value theorem, y () = a for some ¢ € [0, 1],
and we have a contradiction.
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(ii) Leta € R%. ThenR?\{a}, with the metric inherited from R?, is path-connected.
For let x,y € R?\{a}, x # y. Then, if x, y and a are not collinear, the line
segment joining X to y is a path in R?\{a}; and if these three points are collinear,
x may be joined to y by a p—path in R?\{a} whose track is a union of at most
three line segments, each parallel to one of the coordinate axes. The same
argument shows that when n > 2, removal of one point from R” leaves the set
path-connected.

Proposition 2.4.18 Let X and Y be homeomorphic metric spaces. Then X is path-
connected if, and only if, Y is path-connected.

Proof Let ¢ : X — Y be a homeomorphism, suppose that X is path-connected and
lety;,y2 € Y. Theny; = ¢(x1), y2 = ¢ (x2) for some x1, xp € X;lety : [0, 1] - X
be a path joining x; to x2. Then ¢ o y is a path in Y joining y; to y, and so Y is
path-connected. The result is now clear. (]

Corollary 2.4.19 Ifn > 1, R and R" are not homeomorphic.

Proof Suppose the result is false Then for some n > 1, there is a homeomorphism
¢ : R — R" Leta € R : then the restriction of ¢ to R\{a} is a homeomorphism
of R\{a} onto R"\{¢(a)}. But by Example 2.4.17 (i) and (ii), R\{a} is not path-
connected while R"\{¢ (a)} is path-connected. This contradicts Proposition 2.4.18
and completes the proof. (I

We remark that it is also true that if m, n € N and m # n, then R” and R” are not
homeomorphic. However, this is much harder to prove.

Next we relate the notions of connectedness and path-connectedness.

Theorem 2.4.20 Let E be a path-connected subset of a metric space X. Then E is a
connected set in X.

Proof Suppose E is not connected. Then there are disjoint open sets U, V in X such
that
UNE#W, VNE#@andECUUYV.

Letx e UNE,y € VNE;as E is path-connected, there is a path y : [0,1] — E
with initial point x and terminal point y. Since y is continuous, y ~'(U) and y =1 (V)
are open sets in [0, 1]; also y L(Hyuy=L(v)y=10,11and y L () Ny~ 1 (V) = 0.
Thus [0, 1] is not connected, contradicting Theorem 2.4.8. O

Example 2.4.21

(i) Every open ball in R” (n > 1) is connected, as is R" itself.
To see this, let a € R" and r > 0. We show that B(a, r) is path-connected and
therefore connected. Let d denote the Euclidean metricon R”. Letx,y € B(a, r)
andlet y : [0, 1] — R" be given by y (r) = (1 —)x + ty. We claim that y isa
path in B(a, r) joining X to y. Evidently y is continuous: if #, € [0, 1] (n € N)
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(iii)
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and t, — t € [0, 1], then d(y(t,), y (¢)) = |ty — t|d(x,y) — 0. Moreover,
y* C B(a,r) :forallt € [0, 1],

vy —a=(0-nx—-a)+i1y—a)

and
172

diy(@),a) = [ D {0 =005 —a) +10; —ap}

j=1

IA

(1—-0ndx,a)+1td(y,a) <r.

The rest is clear.
The converse of Theorem 2.4.20 is false: not every connected set is path-
connected. To illustrate this, take X = R? and

E:{(O,y):—lfyfl}u{(x,sinz) :0<x§1}=AUB, say.
X

The set B is the image of (0, 1] under the continuous map ¢t —— (t, sin %) and
s0 is connected. We claim that BC AUB C B : granted this, it follows from
Exercise 2.4.33/1 that E is connected. To establish our claim, let (0, y) € A and
lete > 0;letn € N be so large that 1/n < e. Since sin (2n £ 1) 7 = %1, there

. 2 2 . . .
exists t € [m, m] such that sin % = y. The point (t, sin %) belongs to

B and its distance from (0, y) is less than ¢; thus A U B C B and the claim is
justified.

However, E is not path-connected. For suppose y : [0, 1] — E is a path in
E with initial and terminal points (0, 0) and (1, 0), respectively; write y (f) =
(y1(2), y2(1)), t € [0, 1]. Then y’l (A) is a closed set contained in [0, 1] and
containing 0; thus b := supy ~'(A) € y~1(4) and 0 < b < 1. Suppose that
y2(b) < 0. Then given any § > O with b+ § < 1, we have y1(b + §) > 0, and
there exists n € N such that

0=y1(b) <2/(4n+1) < y1(b+9);

also, by the intermediate-value theorem, there exists # such thatb <t < b+ 4§
and y1(t) = 2/(4n + 1). Hence y»2(t) = 1 and y»(¢) — y2(b) > 1. The same
kind of argument may be used if y»(b) > 0, and we conclude that y» is not
continuous at b. This contradiction shows that E is not path-connected.
The closure of a path-connected set need not be path-connected. For with the
notation of (ii), B is plainly path-connected but E, and hence B, are not.
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(iv) For any n € N, the unit sphere S" in R"*! is a connected subset of R"*1,
To see this, note that by Example 2.4.17 (ii), R"*1\{0} is path-connected; by
Theorem 2.4.20 it is connected. Define f : R**1\{0} — S" by

FOeq, e x) = (xqg, ... ,xn)/(x% +... —i—x,zz)l/z.
Since f is clearly continuous and surjective, it follows from Theorem 2.4.11

that §” is connected.

In view of Example 2.4.21 (ii) above, it is a relief to know that provided that
we restrict ourselves to open subsets of R”, the notions of connectedness and path-
connectedness coincide. The next lemma prepares for this result.

Lemma 2.4.22 Letx = (X1,...,Xn), Yy = V1, ...,Yn) € R" Then there is a map
y . [0, 1] = R"™ which is a p-path in R" joining x to y such that

d(y(s),y (1) =d(x,y) (s, 1 € [0,1])

where d is the Euclidean metric on R".

Proof Let eV, ... e™ be the vectors of the natural basis for R”. Let p(©) = x and

J
p(l) =x+ Z(yk — xp)e® Gg=1,...,n).
k=1

Define y : [0, 1] — R" by
y(s) = (G —ns)pV"" + (ns —j + Hp¥
if j — 1 < ns < jandj is a positive integer not exceeding n. It is routine to verify
that, for all s € [0, 1],
n
() =x+ D W) o — x)e®,
k=1

where
¥, (s) = min {max{ns — k + 1,0}, 1}.

Hence y is a p-path in R” joining x to y; moreover, since 0 < Wi (s), Y () < | and
therefore |W, (s) — ¥ (t)| < 1, we have for all s, ¢ € [0, 1],

n 1/2
d(y(s), y (1) = {Z Wi (s) — W (D1 Iyx — xk|2} <d(x,y).

k=1
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Theorem 2.4.22 Let G be an open set in R". Then the following statements are
equivalent.

(i) G is connected.
(i) G is polygonally connected; further, given any x,y € G there is a p-path in G
Jjoining them.
(iii) G is path-connected.

Proof Suppose that G # J; otherwise, the result holds trivially. It is obvious that
(ii) implies (iii); also, Theorem 2.4.20 shows that (iii) implies (i). It remains to prove
that (i) implies (ii).

Suppose that G is connected, let a € G and let

A := {x € G : there is a p-path in G joining a to x}.

To show that G is polygonally connected it is enough to prove that A = G. First we
prove that A is open. Letx € A and let i : [0, 1] — R”" be a p-path in G joining a to
x. Since x € G, there exists r > 0 such that B(x, r) C G.Lety € B(x, r). By Lemma
2.4.22, there is amap v : [0, 1] — R” which is a p-path in B(x, r), and hence in G,
joining x to y. Let y : [0, 1] — R” be defined by

_[wm@n  ifo<r<i,
(= [v(Zl—l) if 1 <r<1.
Evidently y is a p-path in G joining a to y. Hence y € A. It follows that B(x, r) C A
and that A is open.

Next we show that G\A is open. Let z € G\A and let ¥/ > 0 be such that
B(z, ) C G. It is enough to prove that B(z, ') C G\A. To obtain a contradiction,
suppose that this is not the case. Then there exist w € B(z, r’) N A and a p-path in
G joining a to w. Further, this path may be extended, by means of a construction
similar to that of the previous paragraph, to a p-path in G joining a to z. It follows
that z € AN (G\A), an impossibility.

Finally, note thata € A, G = AU (G\A) and A N (G\A) = @. Thus, since G is
connected, G\A =@ and A = G. |

Next we turn to components: the idea is that even if a set is not connected, it is
made up of connected subsets; components are the largest such subsets.

Definition 2.4.24 Let E be a non-empty subset of a metric space X. A subset D of
E is called a component of E if it is a maximal connected subset of E, that is, if (i)
D is connected, and (ii) whenever D is connected and D C D C E, it follows that
D = D;.

To prove the basic theorem about components, the following lemma will be very
useful.
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Lemma 2.4.25 Let E be a non-empty subset of a metric space X and let F be a
non-empty family of connected subsets of E with one point in common; that is, there
existsa € N .F. Then A := UZ is a connected subset of E.

Proof In view of Lemma 2.1.5 (iii) it is enough to show that A is a connected subset
of X. Suppose that this is not so. Then there are disjoint open sets U, V in X such
that ANU # B, ANV # @Pand A C U U V. Since each F € .7 is connected
and F C UUV,either FNU =@or FNV = @. AsANU # 0, there exists
Fi € % suchthat FiNU # $Pand so F1 NV = @. Since ANV # {J, there
exists Fp € % suchthat F;, NV # Pandso F, NU = . Hencea € F1 N F; =
FiNF,NWUWUV)cC (F,NnU)UF; NV) =0, and we have a contradiction. [

Theorem 2.4.26 Let E be a non-empty subset of a metric space X. Then

(1) each a € E lies in a component of E (so that E is the union of its components);
(ii) distinct components of E are disjoint.

Proof Leta € E and let % be the family of all connected subsets of E which contain
a. Plainly .7 # (, since {a} € .%. By Lemma 2.4.25, A := U.% is connected and
contains a. Now A is a component of E : for, if A C A1 C E and A is connected,
then A; € % and so A] = A. This proves (i).

Regarding (ii), let A| and A, be components of E, suppose that A| % A; and that
a € A1 NAy. By Lemma 2.4.25 , A} U A, is connected. But in that event, since A}
and A, are components, it follows that A| = A1 U Ay = A», a contradiction. ([l

Theorem 2.4.27 Let G be a non-empty open subset of R"*. Then G has countably
many components, each of which is open.

Proof Let A be a component of G and let a € A. Since G is open, there exists ¢ > 0
such that B(a, ¢) C G. Now B(a, ¢) is path-connected and thus connected: hence,
by Lemma 2.4.25, A U B(a, ¢) is connected. As A is a component this implies that
AUB(a, ) =A. Hence B(a, ¢) C A and A is open.

The set Q" is a countable subset of R” and may be written as {px : k € N}.
Given any component A of G, there exists a least k € N such that p; € A. By
Theorem 2.4.26, to distinct components there correspond distinct k, and so the com-
ponents may be put in one-to-one correspondence with a subset of N. The proof is
complete. (]

Corollary 2.4.28 Let G C R be open. Then G = | .2 | I, where the I, are pairwise
disjoint open intervals.

Companion to the notion of a component of a set there is that of a path-component.

Definition 2.4.29 A path-component of a subset A of a metric space X is a maximal
path-connected subset of A.

This idea has useful consequences, given below. Note that, plainly, distinct path-
components are disjoint.
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Theorem 2.4.30 Each path-component of a metric space X is open (and therefore
also closed) if, and only if, each point of X has a path-connected neighbourhood.
The space X is path-connected if, and only if, it is connected and each x € X has a
path-connected neighbourhood.

Proof Suppose that each path-component of X is open, and let x € X. Let C be the
path-component containing x : C is a neighbourhood of x and is path-connected.
Conversely, suppose that each point of X has a path-connected neighbourhood, let C
be a path-component and let x € C. Then there is a path-connected neighbourhood
U(x) of x, and since C is a maximal path-connected set containing x, U(x) C C.
Thus C = J,¢ U(x) is open. Since X\C is the union of the remaining open path-
components, it is open: thus C is closed.

If X is path-connected it is connected, by Theorem 2.4.20, and, of course, X is
a path-connected neighbourhood of its points. Conversely, suppose that X is con-
nected and that each x € X has a path-connected neighbourhood. Then each path-
component is both open and closed; and since X is connected, this path-component
must be X. (]

To conclude this section we show that connectedness and path-connectedness are
preserved on taking products.

Theorem 2.4.31 Let X1, Xo be connected (respectively, path-connected) metric
spaces. Then the metric space X1 X X» (see Example 2.1.2 (ix)) is connected (respec-
tively, path-connected).

Proof First suppose that X; and X, are connected and let (ay, a), (b1, by) € X1 X
X5. Then {a1} x X» and X7 x {b>} are connected subsets of X; x X, as they are
homeomorphic (even isometric) to X, and X respectively; moreover, they have a
common point, (a1, by). By Lemma 2.4.25 their union is connected: thus there is a
connected set containing (ap, az) and (b1, by). The connectedness of X; x X, now
follows from Example 2.4.7 (v).

Now suppose that X; and X, are path-connected and again let (a1, az), (b1, b2) €
X1 x Xp. There is a path y; : [0, 1] — Xj joining a; to by, and hence there is a
path y1 : [0, 1] — X; x X joining (a1, by) to (b1, b2), given by y1 (1) = (y1(2), b2).
Similarly, there is a path 3, : [0, 1] — X| X X joining (ay, az) to (ai, by). The path
y : [0, 1] = X; x X» defined by

- 72(20) if0<t<3,
f)=1= .
YO =15 01 if <<l
joins (ay, az) to (b1, b2), and so X x X, is path-connected. U

Corollary 2.4.32 The torus T := S' x S' is connected.

Proof From Example 2.4.21 (iv) we see that S! is connected. The corollary now
follows from Theorem 2.4.31. (]
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Of course, the torus as defined here is a subset of R* and is endowed with the
inherited metric. In fact, 7 is homeomorphic to the subset T of R3 obtained by
revolution of the circle {(0, y, z) : (y — 1)® + z2 = 1/4} about the z-axis. For T is
given parametrically by

cos 6 cosf) .
x=\1+ 5 cos¢p, y= 1+T sin ¢,

sin 0
227(059<2n,05¢<2n),

and the map

((cos B, sinf), (cos ¢, sin¢p)) —> ((1 + 00259) cos ¢, (1 + 00259) sin ¢, 511;9)

is a homeomorphism of T onto T. This map, f, is given by

f(a,b),(c,d) = ((1 + %a) c, (1 + %a) d, %b)

and is evidently continuous. It is bijective, with

f‘1<p,q,r>=(z(_1+m),2,v P q )

P+ P+

since p = (1 + %a)c,q =(1+ %a)d,r: %b, and so

1\ 1
2 2 __ - o 2 2
P +gq —(1+2a) A= 14++/p~+¢q

since 1 + %a > % Plainly f~! is continuous, and so f is a homeomorphism.
Exercise 2.4.33

1. Let A be a connected subset of a metric space and suppose that A C B C A. Prove
that B is connected. Deduce that the components of a closed set are closed.

2. Let R? be endowed with the Euclidean metric and let S be a subset of R? which
is both open and closed. Prove that either § = @ or § = R?.

3. Let E and F be subsets of R? ( endowed with the Euclidean metric) defined by

E={(xy):X+y" < 1JU{(x,y: =2 +) <1},
F={(xy :x>+y> <1}U{(1+41/n,0):neN}.
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Determine whether E or F is connected. What are the components of these sets?

4. Letn € N and let GL(n, R) be the set of all non-singular n x n matrices; identify
GL(n, R) with a subset of R” in an obvious way and give it the inherited metric.
Prove that GL(n, R) is not connected.

5. Let A and B be path-connected subsets of a metric space such that AN B # (.
Prove that A U B is path-connected.

6. Let E and F be metric spaces, with E path-connected, and let f : E — F be
continuous. Prove that f (E) is path-connected.

7. Let K be the subset of [0, 1] consisting of all numbers of the form Z:io 37 "¢y,
with ¢, € {0,2} for all n € Ny. This set is called the Cantor set (see
Exercise 2.3.38/16). Show that K is compact, that [0, 1]\K is a countable union
of disjoint intervals, and that the sum of the lengths of these intervals is 1. Show
that given any x € K, the connected component of K which contains x is {x}.

8. Let § = [0, 1] x [0, 1], let K be as in the question above and let f : K — S
be the map which to each x € K, with x = > °2 37 "c,, assigns the element
(X202 bops1, Doy 27 by, Where by, = c/2 (m € Np). Show that f
is well-defined, and that it is surjective and continuous. Deduce that there is a
continuous surjective map g : [0, 1] — S. (This is Peano’s space-filling curve.)

2.5 Simple-Connectedness

Our interest here is in those path-connected metric spaces which, loosely speaking,
may be viewed as without holes. To bring precision to this, the notion of homotopy
is introduced. Throughout this section the closed interval [0, 1] will be denoted by 7;
and if X is a metric space the product X x [ is assumed to be equipped with the metric
of Example 2.1.2 (ix).

Definition 2.5.1 Let X and Y be metric spaces and let fy, f1 : X — Y be continuous.
We say that the maps fy and f; are homotopic, and write fy >~ fj, if there is a
continuous map F : X x I — Y such that, for all x € X,

F(x,0) = fo(x) and F(x, 1) = fi(x).

Such a map F is called a homotopy between fj and f.
Example 2.5.2 Let X be a metric space and let fy, fi : X — R” be continuous.
Define F : X x I — R" by

F,t) = —t)fox) +tix), (x,1) e X x I.

Then it is easy to verify that F is a homotopy between f; and fj.

With regard to the homotopy F' in Definition 2.5.1, if we set f;(x) = F(x, t), then
{ft : t € I} is a one-parameter family of continuous maps from X to Y, and we may
think of the homotopy as a continuous deformation of fj into f;.
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Definition 2.5.3 Let X and Y be metric spaces and let A be a subset of X. Let
fo,fi : X — Y be continuous maps such that fo(a) = fi(a) for all a € A, that is,
Jo la= f1 |a. If there is a homotopy F between fy and f] such that, for all @ € A and
allt €1,

F(a, 1) =fo(a) = fi(a),

or equivalently f; |4= f1 |4 for all ¢ € I, then we say that fy and f; are homotopic
relative to A and write fy ~ fi rel A. [Note: if A is empty, then >~ rel A and ~
coincide.]

Example 2.5.4 LetA = {0, 1}. Let fp, fi : I — R be paths in R” such that fp(0) =
f1(0) and fo(1) = fi(1) : the paths have a common initial point and a common
terminal point so that fy |4= f |4. Consideration of F : I x I — R”" given by

F(s,t) = (1 = Dfo(s) +1f1(s)

shows that fo >~ f] rel {0, 1}.

Theorem 2.5.5 Let X and Y be metric spaces and A be a subset of X. Then >~ rel A
is an equivalence relation in C(X, Y), the family of continuous maps from X to Y.

Proof The steps which follow show that >~ rel A is reflexive, symmetric and transitive.

(HIff e C(X,Y), thenf =~ f rel A.
The continuous map F : X x I — Y given by F(x, t) = f(x) verifies this claim.
2)Iff,ge CX,Y)and f ~ grel A, then g >~ f rel A.

By hypothesis, there exists a homotopy F relative to A between f and g. Let
G : X x 1 — Y be defined by

Gx,t)=F(x,1—1).
As itis a composition of continuous maps, G is continuous. Moreover, for all x € X,
G(x,0) =g), Gx, 1) =fx);
also, foralla e Aandt €1,
G(a,1) = gla) = f(a).
Hence g >~ f rel A.
B)Iff,g.heCX,Y),f~grelAand g >~ hrel A, then f >~ hrel A.
Given that there are homotopies F and G relative to A between f and g, and g and

h, respectively, let H : X x I — Y be defined by

[ Fx. 20, 0<1<1/2,
H(x’t)_[G(x,Zt—l), 12<1<1.
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Since F(x, 1) = g(x) = G(x, 0) for all x € X, there is consistency of definition on
X x {1/2} and, by appeal to the glueing lemma (Lemma 2.1.35), it follows that H is
continuous. Further, for all x € X,

H(x,0) =f(x), H(x, 1) = h(x);
also, foralla e Aandt €1,

H(a,t) = f(a) = h(a).
Hence f >~ hrel A. O

Corollary 2.5.6 Letf € C(X,Y)anddenote by (f) the equivalence class associated
with f :
(f) ={ge CX,Y) : g = f rel A}.

The family of equivalence classes {{f) : f € C(X,Y)} constitutes a partition of
C(X,Y), by which we mean that no equivalence class is empty, their union exhausts
CX,Y) and, forallf,g € C(X,Y), the classes (f) and (g) are either disjoint or
identical.

Proof We leave this to the reader, noting that it is a special case of a general result
concerning equivalence classes: see, for example, [19], p. 50. (I

We now show that relative to the composition of functions, homotopy is well-
behaved.

Theorem 2.5.7 Let X, Y and Z be metric spaces and A be a subset of X. Let fy,
fi: X > Yandgo, g1 : Y — Z be continuous maps such that fo =~ fi rel A and
go =~ g1 rel fo(A). Then

goofo~giofirelA.

Proof Let F : X xI — Y and G : Y x I — Z be homotopies establishing that

fo =~ f1 rel A and go =~ g rel fo(A), respectively. The map ggo F : X x I — Z is
continuous; also, for all x € X,

(g0 o F)(x,0) = (go o fo)(x), (go o F)(x, 1) = (goof1)),
and, foralla € Aandr €1,
(80 o F)(a, 1) = (go o fo)(a) = (g0 o f1)(a).

Hence g o fo =~ go o fi rel A. Next, consider the map H : X x I — Z defined by
H(x,t) = G(fi(x), t). It is continuous; moreover, for all x € X,

H(x,0) = (g0 o f)(x), H(x, 1) = (g1 0/1)(x),
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and foralla e Aandt €I,
H(a, 1) = (go o f1)(a) = (g1 0 fi)(@).

Thus g o f] =~ g1 o fi rel A. Finally, by Theorem 2.5.5, gpofo >~ g1 ofi relA. O

In the next section we appeal to the simplest aspect of this theorem, when go = g1.

2.5.1 Homotopies Between Paths

Let X be a metric space. For present purposes we shall think of C(/, X) as the set of
all paths in X, each path being assumed to have I = [0, 1] as its parameter interval.
For brevity, the symbol ~ will be used for the relation >~ rel {0, 1} on C (I, X). Hence
fo ~ f1, to be read fy is equivalent to fi, is understood to mean that fo(0) = f1(0),
Jfo(1) = f1(1) and that a continuous map F : [ x I — X exists such that

F(s,0) =fo(s), F(s,1) =fi1(s) (s e )

and
F(0,1) = f0(0), F(1,1) =fo() (z € D).

The homotopy F may be viewed as continuously deforming fy into f; through a
family of paths with prescribed endpoints.

Definition 2.5.8 Let f and g be paths in a metric space X such that f(1) = g(0).
The product path f x g : I — X is defined by

_ | rQ@s), 0<
(f*8)(s) = [g(Zs— D1

Similarly, if fi,/>,...,fn : I — X are paths in X such that, for | <j <n — 1,
fi(1) = f;4+1(0), then the product path fi * f> * ... % f,, : I — X is defined by

Si(ns), 0<s<l1/n,
falns — 1), I/n<s<2/n,

(fl*fz**fn)(s): fj‘(ns_‘]_|_1)7 (]—1)/n§S§]/n7

fu(ns —n+1), (n—1)/n<s<1.

Evidently f * g is a path joining f(0) to g(1); likewise, f1 * f> * ... x f, is a path
joining f1(0) to f,(1).
Theorem 2.5.9 Let f,f', g and g be paths in a metric space X; suppose that f ~
[ g~ g andf * g is defined. Thenf x g ~ f' * g'.
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Proof Letf,f joinxtoyandg, g joinytoz :since f *gis defined, f (1) = y = g(0).
As f ~ f’, there exists a continuous map F : [ x [ — X such that

F(s,0) =f(s), F(s, D =f"(9) s €D

and
FO,H)=x, F(l,y=y(tel).

Similarly, since g ~ g’, there is a continuous map G : [ x I — X such that
G(s,0) = g(s), G(s,1) =g'(s) (s€ )

and
GO, =y, G(,t) =z el).

Let H : I x I — X be defined by

C[F@s,n,  0<s=<1/2,0 1,
H(S”)_[G(zs—l,t), 1/2<5s<1,0 1.

=

IATA

t
t

IAITA

Since F(1,1) =y = G(0, 1) for all ¢ € I, there is consistency of definition on the
line segment {1/2} x I. The glueing lemma ensures that H is continuous; further, for
alls € 1,

H(s,0) = (fx8)(s), H(s, 1) = (f' % g")(s)

and, forall r € I,
HO,t)=x, H(1,1) = z.

Hencefx g~ f'x g O

By dividing the unit square / x I into n vertical strips rather than 2, the following
generalisation of the last theorem may be established: details are left to the reader.

Theorem 2.5.10 Let fi,f>,....fx and f{,f5, ..., [, be paths in a metric space X;
suppose that, for 1 < j < n, f; ~ ]3/ and that the product path fi x fo % ... x f, is
defined. Then

fisfos . oxfy~flxfyk...xf.

Theorem 2.5.11 Let f1,f>, ...,fn (n = 3) be paths in a metric space X such that
the product fi * f> * ... x f is defined. Suppose 1 < k < n — 1 and let the map
¢ : I — I be given by

2sk/n, 0=
1

s <1/2,
n—ky2s—1)/n+k/n, /2 <s

<.

¢(s) = [
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Then

@ Gixfax...xf)od = 1xfax...xfi)* (o1 * ... xfn);
(ii) (f] *fz*...*fk)*(fk+1>k...>kfn) Nf] *fz*...*fn;

and
(iii) settingn =3, (fi *f2) *f3 ~ fi * (f2 x f3).
Proof

(i) Illustrated below, the map ¢ is continuous and strictly increasing; ¢ (s) < k/n if
0<s<1/2,¢(s) >k/nif1/2 <s <1.

(0,1) (1,1
(1.5
(p*
id}
t L
S
(0,0) (1,0 (1,0)

Hence, forall s € 1,

((frxf * ... % fn) 0 @)(s)
=fing(s) —j+ 1 if —1)/n<¢(s)<j/n and 1 <j<n

JiCks —j+ 1), J—1<2sk<j, 1<j<k,
=1filln=k2s—D+k—j+1), j—k—-1=Q2s—Dmn—-k) <j—k,
k+1<j<n,
JiQks —j+ 1), J—1=2sk<j, 1 <j<k,
= ity (n=0)Q2s =) =j +1), j/=1=<@Q2s—Dn—k <J,
1</ <n—k,

=((fixfa*x...xfi) * (ferr * ... % fu))(s).

(i) Consideration of the map H : [ x I — [ given by

H(s, 1) = (1 — ) (s) + s
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shows that ¢ and id; (the identity map on ) are homotopic relative to {0, 1}.
Hence, using Theorem 2.5.7,

fixfas...xfi)x(imrx...xf)) =1 *xfa*x...xfu)od
~ (fi xfax...%xfp) o0idy
:f] *fz**fn

(ii) By (ii), both the product paths f1 *(f2*f3) and (f *xf>) *f3 are equivalent to f] /> /3.
Since the relation ~ is transitive, it follows that f] *x (f2 * f3) ~ (fi xf2) * f3. O

Theorem 2.5.12 Let X be a metric space, let x,y € X and let ey, ey be the constant
paths in X defined by ex(s) = x and ey(s) =y (s € I). Let f be a path in X such that
fO)=xandf(1) =y. Theney xf ~ fandf x e, ~ f.

Proof As each equivalence has a similar proof we give only that which involves
ex*f.Lety : I — I be given by

/2,

0, 0<
1 1.

N
V) = [2s—1, /2 <

The continuous map H : I x [ — I defined by H(s, t) = (1 — 1)1 (s) + s enables us
to see that v and id; (the identity map on ) are homotopic relative to {0, 1}. Hence,
noting that for all s € I,

v A
IN —

[ 0=s=1/2.
o = [f(2s— D, 12=s=1,
= (ex *f)(s),

application of Theorem 2.5.7 shows that
exxf=foy~foid =f,

as required. O

Theorem 2.5.13 Let X be a metric space, f be a path in X and? be the path defined
byf(s) =f(1 —s) (s € I); f is termed the reverse of f. Let f (0) = x and f(1) = y.
Then R R

frf~e Txf ~ey

where ey, ey are the constant paths given by e, (s) = x, ey(s) =y (s € I), respectively.

Proof Since the roles of f andf can be interchanged, it is sufficient to prove that
fxf~ey.Lett,0:1 — IDbe given by
2s, 0<
TW=120-9. 1
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and 6(s) = 0 (s € I). The map
s, ) 1=0nt(s): I xI—>1

shows that T >~ 6 rel {0, 1}. Since

Aoy 129, 0<s<1/2,
(f*f)(s)_[f(Zs—l), 12<s<1
_ | fQ@2s), 0<s<1/2,
T lrea—s), 12<s<l,
= (fo1)(s),

so that f *f = f o 7, application of Theorem 2.5.7 shows that f *f =fotr~fob
= ex, D

Definition 2.5.14 A closed path (or loop ) in a metric space X is a path whose initial
and terminal points coincide: this common point is called its base point . Thus, if
x € X and f is a path in X such that f(0) = f(1) = x, then f is a closed path in X
with base point x.

Remark 2.5.15

(i) Each x € X is a base point for at least one closed path in X, namely e,, given
by ex(s) = x (s € I), the path constant at x. R

(ii) If x,y € X and there is a path f joining x to y then, with f denoting the path
given by f(s) = f(1 — s), f * f is a closed path with base point x and f * f is a
closed path with base point y.

The definition to follow introduces a new type of homotopy, specific to closed
paths, called free homotopy. For closed paths f, g in a metric space X recall that the
statement f =~ g rel {0, 1}, more simply denoted f ~ g, means that f and g have a
common base point and that a continuous map H : I x I — X exists such that

(1) H(s,0) =f(s), H(s, 1) = g(s) (s € I)

and

2)HO,t) =f0)=H({,1t) (teI).

Note that the one-parameter family {4} of paths determined by H is made up
of closed paths with a common base point. The notion of free homotopy relaxes
condition (2).

Definition 2.5.16 Let f and g be closed paths in a metric space X. Then f is said to
be freely homeotopic to g if there is a continuous map H : I x I — X such that

(i) H(s,0) =f(s),H(s, 1) = g(s) (s € I)
and

() HO,t)=H(l,1) (t €1).
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Note that the paths h;, where h;(s) = H(s, t), are closed but are not required to
have the same base point; the path t — £1;(0) : I — X is not required to be a
constant map. A simple example of a free homotopy occurs when the base point of
a closed path is ‘shifted’ to another point on its track: see Exercise 2.5.30/4.

Theorem 2.5.17 Letf and g be closed paths in a metric space X such that f is freely
homotopic to g under a homotopy F : I x I — X. Let v be the path in X from f(0)
to g(0) defined by v(s) = F(0,s) (s € I). Then, with D given by V(s) = v(l —s)
(sel),

f~v*xgx*xD.

Proof Let x = f(0), y = g(0) so that v is a path joining x to y and V is its reverse:
the figure below is a guide.

fi V(1)

Recall that

v(3s), 0<s<1/3,
(w*xgxV)(s) =1 8g0Bs—1), 1/3<s<2/3,
v(3(1 —5)), 2/3<s<1.

For fixed ¢ € I, consider the path y; given by

v(3s), 0<s<t/3
vi() =1 £(B-20""C3s—1), t/3<s<1-1/3,
v(3(1 —y¥)), 1—t/3<s<1,

where f; is that path such that f;(s) = F(s, t). Loosely speaking, y; proceeds from
X to v(t), circuits the track of f; and then retraces its steps back from v () to x. We
show that {y; : ¢ € I} determines a suitable homotopy. Define G : I x I — X by

F(O,3S), OESSI/3,
Gis,)=1F(B3-20""'Gs—1.,1), t/3<s=<1-1/3,
F(0,3(1 —¥)), 1—t/3<s<1.



2.5 Simple-Connectedness 159

Let K1, K7, K3 be the subsets of I x I defined by the inequalities 0 < s < ¢/3,
t/3<s<1-—t/3and1—1¢/3 <s < 1respectively and indicated below.
(0.1) (3.0 (3.1 (1.1

K K> K3

t
t=3(1-5)

N

(0,0) (1,0)

It is plain that each of the following maps is continuous:
(s,) —> (0,3s) —> F(0,3s) : K1 > I xI —> X,
(s,0) — (B=207'Gs—0,1) — F(B-20"'Gs—0.,1) : K» —
IxI—X
and
(s,) — (0,3(1 =8) — F(0,3(1 —s)): K3 > I xI — X.
Thus each G |g; is continuous. Since G is consistently defined on the line segments
K1 N K; and K> N K3, and each K; is closed, it follows from the glueing lemma that
G is continuous. Now

GG.0)=F(@s,00=f(s) (seD),

F(0, 3s) = v(3s), 0<s<1/3,
G, )=1F@3s—1,1) =¢g@Bs— 1), 1/3 <s<2/3,
F0,3(1 =5)=v3( —s)), 2/3<s<1,

=(WxgxV)(s) (sl

and
GO,)=x=G(,1 (t ).

Thus f ~ v % (g * D), as required. O

Theorem 2.5.18 Let X be a metric space and let f be a closed path in X with base
point x. Then f ~ ey if, and only if, f is freely homotopic to a constant path in X.

Proof If f ~ e, the result is obvious. Conversely, suppose that for some y € X, f is
freely homotopic, under a homotopy F : I x I — X, to the constant path e,. Let v
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be the path in X from x to y given by v(s) = F(0, s) (s € I). Then

f ~ v*ey*V (by Theorem 2.5.17)
~ v % (e, V) (by Theorem 2.5.11)
~ v %D (by Theorems 2.5.12 and 2.5.9)
~ e, (by Theorem 2.5.13).

Hence by Theorem 2.5.5, f ~ e. (I

Definition 2.5.19 A closed path in a metric space X is said to be null-homotopic
in X if it is freely homotopic to a constant path in X. A metric space X is said to be
simply-connected if it is path-connected and each closed path in X is null-homotopic
inX.

Remark 2.5.20 By Theorem 2.5.18, X is simply-connected if it is path-connected
and f* ~ ey (o) for each closed path f in X. Intuitively, a simply-connected space may
be viewed as one within which each pair of points can be joined by a path and each
closed path is continuously shrinkable to a point. No closed path can ‘encompass a
hole’ in the space.

Example 2.5.21

(i) Let K be a subset of a metric space X. Suppose that X is also a linear space
and that K is convex, so that tx + (1 — ¢)y € K whenever x,y € K and t € I.
Then K is simply-connected: its convexity implies that it is path-connected;
moreover, if yp is any closed path in K and z € K, then yy is freely homotopic
to the constant path y;, where y;(s) = z for all s € I, under the homotopy
H : I x 1 — K defined by H(s, t) = (1 — t)yo(s) + tz. Hence each ball in R"
is simply-connected.

(i) We shall see in Chap. 3, once the notion of winding number has been developed,
that neither a circle nor an annulus in R? is simply-connected.

The next two theorems reinforce the definition above and have application in the
chapter to follow.

Theorem 2.5.22 Let x and y be points in a simply-connected metric space X and
let f, g be paths in X which join x toy. Thenf ~ g.

Proof Let paths ey, e, and g be given by e,(s) = x, ey(s) = y and g(s) = g(1 — ).
Note that g * f is a closed path with base point y and, since X is simply connected,
g xf ~ ey. Since the relation ~ is transitive, the steps below yield the result:

f ~ ey *f (by Theorem 2.5.12)
~ (g *g) * f (by Theorems 2.5.9 and 2.5.13)
~ g (g *f) (by Theorem 2.5.11)
~ g * e, (by Theorem 2.5.9)
~ g (by Theorem 2.5.12).
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Theorem 2.5.23 Let X, Y be metric spaces and let X x Y be endowed with the usual
metric (see Example 2.1.2 (ix)). Then X x Y is simply-connected if, and only if, both
X and Y are simply-connected.

Proof Suppose that X and Y are simply-connected and let y = (y1, y2) be a closed
path in X x Y. Then y; and y, are closed paths which are null-homotopic in X and Y
respectively. Letmaps F'| : I xI — X and F, : I xI — Y establish these homotopies.
Thenthemap F : I x I — X x Y given by F(s,t) = (F1(s, 1), Fa(s, t)) shows that
y is null-homotopic in X x Y. Since, by Theorem 2.4.31, X x Y is path-connected
it follows that X x Y is simply-connected.

Conversely, suppose that X x Y is simply-connected. Elementary considerations
show that X and Y are path-connected. Let y; and y» be closed paths in X and Y
respectively and define y : I — X x Y by y(t) = (y1(¢), y2(¢)). Then y is a closed
path which is null-homotopic in X x Y under a homotopy H = (H1, H»), say. Since
the maps H; and H; are themselves homotopies which, respectively, establish that
y1 is null-homotopic in X and y» is null-homotopic in Y, the spaces X and Y are
simply-connected. (]

2.5.2 The Fundamental Group

Definition 2.5.24 Let X be a metric space and x € X. Let .Z(x) denote the family
of all closed paths in X with base point x :

L@ ={feCU.X) :f(0)=f(1)=x}.

By Theorem 2.5.5, the relation ~ is an equivalence relation in C(/, X) and therefore
in Z(x). For f € £ (x), let {f) denote the equivalence class associated with f :

fr={ge LX) g~ f}

The set
(X, x) ={{f) . f € L)}

equipped with the product defined by
(f)(g) = (f =g

is called the fundamental group of X at the base point x.

We must justify this terminology by showing that 7 (X, x) is indeed a group.
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(i) Theorem 2.5.9 shows that the product of equivalence classes is well-defined:

=), @=(g) =f~f g~ =rrg~fd =g
=(f"«g).
(i) By Theorem 2.5.11, the product of equivalence classes is associative:

({f) (g)) (h) = (f x g) (h) = ((f x @) * h) = (f x (g h)) = {f) (g *h)
= {f) ((g) (n)).

(iii) Theorem 2.5.12 confirms that (e,) is the identity:
(ex) (f)y =lexxf) ={f) = {f xex) ={f) (ex) .

(iv) Theorem 2.5.13 shows that given (f) in (X, x), its inverse (f) ! = O‘\):

N =1 =tex) = xf) =) )

Given distinct points x and y in X, it is natural to ask whether there is any rela-
tionship between (X, x) and (X, y). It turns out that one exists if x and y can be
joined by a path in X.

Theorem 2.5.25 Let x and y be points in a metric space X and let « be a path in X
such that «(0) = x, a(1) = y. Then (X, x) and (X, y) are isomorphic.

Proof Asusual, leta(s) = a(1 —s) (s € I). Using the notation of Definition 2.5.24,
note that if f € £ (x), then @ * f * a € .Z(y). Consider the map

Oo T X, x) > (X, y)

defined (see (i), below) by
G ((f) = @ *[f xa).

Routine use of Theorems 2.5.9 to 2.5.13 shows that
(i) forallf, g € L(x),

1) =1(8) & du({f) = Pa((g)):

(ii) for all u € Z(y),
P (@ xu*a)) = (u);

(iii) for all f, g € L (x),

P ((F) 9o ((8)) = P ({f) (g))-
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Detailed proof of (i) to (iii) is left to the reader, but by way of illustration of the
procedures to be adopted we indicate how to deal with (iii). For all f, g € .Z(x),

Do ((fNPa((8) = (@ *f o) % @ g*xa)) = (@+fxax*xg*a)

@*f)*(@*xa*g*a))

(
(
(@*f) x ((a %) * (g %))
(
(

@ #f) * (ex x (g x ))) = (@ xf) * (g * )
=@+ ((fxg) * ) = (@ (f xg) x &) = pa({f) (g)).

Statements (i) and (ii) show that ¢, is well-defined and bijective; (iii) shows that it
is a homomorphism. Hence 7 (X, x) and 7 (X, y) are isomorphic groups. U

This theorem has immediate corollaries.

Corollary 2.5.26 Let x and y belong to a path-connected metric space X. Then
(X, x) and (X, y) are isomorphic.

Note that different paths between x and y may generate different isomorphisms.

Corollary 2.5.27 A metric space X is simply-connected if, and only if, it is path-
connected and (X, x) = {{ex)} for some (and thus each) x € X.

To conclude this section, we show that fundamental groups at two points, one from
each of two homeomorphic, path-connected metric spaces, are isomorphic. The next
result is key in this: it does not require the hypothesis of path-connectedness.

Theorem 2.5.28 Let X and Y be homeomorphic metric spaces. Let x € X and
suppose that  : X — Y is a homeomorphism. Then 7 (X, x) and w (Y, ¥ (x)) are
isomorphic groups.

Proof With the notation of Definition 2.5.24, if f, g € £ (x), then evidently ¥ o f,
Yo g € Z(Y(x)). Further, use of Theorem 2.5.7 shows that

f~ginZx) & vof ~¢¥ogin Z(Y(x)). (2.5.1)
Consider the map ¥ : 7 (X, x) — 7 (Y, ¥ (x)) given by
V() = (Y of)(f € Lx).

Because of (2.5.1), the map ¥ is well-defined and injective; it is surjective since
'4 ((w—l o u)) = (u) for each u € Z (¥ (x)); moreover, it is a homomorphism as

V(NP UL =W of) x(Yog)) = (do(f*g)=¥({f*g)=¥({f)(g)

whenever f, g € Z(x). Thus ¥ is a group isomorphism and 7 (X, x) and 7 (Y, ¥ (x))
are isomorphic groups. O
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Corollary 2.5.29 Let X and Y be homeomorphic metric spaces, each of which is
path-connected. Then, for arbitrary choice of x € X andy € Y, the groups (X, x)
and (Y, y) are isomorphic.

Proof The result follows from Theorem 2.5.28 and Corollary 2.5.26. (]

The message of the corollary is that homeomorphic, path-connected spaces give
rise to isomorphic fundamental groups.

Exercise 2.5.30

1. Let S" be the unit sphere in R"*! (see Example 2.4.21 (iv)), let f : " — S" be
continuous, and suppose that, for all x € S", f(x) # —x. Show that f =~ idgn,
where idg» is the identity map on S”. [Consider the map H : 8" x I — S" defined
by

A =0f(x) +tx

He D =020 vl

where [[ul| = (z;:f u})l/z foru = (ui, ..., 1) € R71L]

2. Let x and y be points in a metric space X, and let u, v : I — X be paths in X
from x to y. Show that ; ~ v if, and only if, & * U ~ ey.

3. Give examples of closed paths f, g in R? such that (f s f) *f # f % (f xf) and
(g*g)xg=g*(g*g).

4. Letf be aclosed path in a metric space X; let a € I and define g : I — X by

[fs+a) f0<s<l-a,
g(S)—[f(a+s—1) ifl—a<s<l

Show that g is a closed path in X, that g* = f* and that H : I x I — X defined by

f(s+ta) if0<s<1-—ta,

H(s, 1) = [f(ta+s— ) ifl—rta<s<l
establishes a free homotopy between f and g.

5. Generalise Example 2.5.2: let X be a metric space, Y be a subspace of R” (a
non-empty subset of R” endowed with the metric inherited from R”, not to be
confused with a linear subspace) and fp, fi : X — Y be continuous maps such
that, for all (x,7) € X x I, (1 — t)fp(x) + tfi(x) € Y. Show that fy =~ f.

6. Two metric spaces X and Y are said to be homotopy-equivalent (written X >~ Y)
if there exist continuous maps f : X — Y and g : Y — X such that g o f >~ idx
and f o g =~ idy, where idy : X — X and idy : Y — Y are the identity maps.
Prove that homotopy-equivalence is an equivalence relation on the family of all
metric spaces. Note that homeomorphic spaces are homotopy-equivalent; also, as
illustrated below, the converse need not hold.

7. (i) Let X and Y be the subspaces of R? given by X = Slandy = S'u {(x,0) :
1 < x < 2}. Prove that X and Y are homotopy-equivalent but not homeomorphic.
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[Hint: consider maps f : X — Y, g : Y — X defined respectively by f(x) = x if
xeX,gy) =yifyes', gy =(1,0)ifye r\s]

(ii) Let X and Y be subspaces of R? givenby X = Sl and ¥ = R?\{0}. Show
that X and Y are homotopy-equivalent but not homeomorphic. [Hint: consider
the map f : X — Y given by f(x) = x, and the map g : ¥ — X defined by
g = IyI~"y, where [yl = (2 +3)"/% fory = (1, y2) € R2.]

8. A metric space X is called contractible if the identity map id : X — X is
homotopic to a constant map. Prove that X is contractible if, and only if, X is
homotopy-equivalent to a space consisting of a single point. Show that every
convex, non-empty subset of R" is contractible.
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